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SUMMARY 
A review of the use of negative spherical electrostatic 
probes for the measurement of ion density in flames2 when the pressure 
is sufficiently high that the mean free path is much less than the 
probe dimensions, is given. The best available measurements are 
shown to give currents two orders of magnitude higher than those 
predicted by an idealized equilibrium continuum theory. In chapters 
three and four this theory is extended to include the effects of 
temperature gradients and ionization and recombination, and it is 
shown that these do not account for the discrepancy. In chapter 
five it is shown that if, in a stationary plasma, a time-dependent 
current I(t) flows to the probe when it is suddenly placed in a 
plasma, then the current in a flowing plasma can be calculated from 
the velocity and I (t) . Sudden application of a negative potential 
to the probe, in a flowing system, gives an observable transient 
current It, and it is shown that It = I(t) when t << tcp the time 
taken for the plasma to flow past the probe. In chapter six the 
time-dependent current I(t) is calculated numerically, and it is 
found that the time taken to achieve equilibrium is much greater 
than tce Chapter seven describes an experimental arrangement for 
producing a flame of known ion density and temperature. In chapter 
eight experiments which confirm the discrepancy between the simple 
theory and observed currents are discussed. Observed transient 
currents It are compared with the predictions of chapter five and six, 
and the calculations of steady state currents, empirically modified 
to include sheath effects, are compared with measured values. It is 
shown that the discrepancy between measured and theoretical currents 
is reduced from two orders of magnitude to a ratio of less than 1.5. 
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6 
LIST OF SYMBOLS 
Against each symbol the section in which it first occurs is 
shown. Some duplication is unavoidable; the correct meaning for a 
symbol with more than one definition should be clear from the context. 
Where a reference to an equation is given, it is the defining equation 
for the symbol. 
S. I. units have been used throughout. 
a 2.2 Reciprocal non-dimensional ion current, eq. (2.2.6) 
a 5.2 Probe dimension in direction of flow 
a A6.5 '+j 6tv) (6t') exp - (t 0 
a 8.4 sheath diameter 
a kij A6.6 eq. 
(A6.6.16) 
a 4.3 coefficient of pn in expansion of f(p) n 
A 3.2 constant of integration 
A 3.4 y evaluated in ion-sheath 
A 5.5 area of sphere 
A A6.7 matrix of coefficients of 6y ij 
2 2 4/m 
b A6.5 i m 2 TI p 
b 7.3 flame thickness 
B 3.2 constant of integration 
B A6.7 /m) -rj /m) + r] 2 
c 4.3 
1-2/m 
c A6.5 
CrC 2' C3 
2.3 constants of integration 
C19C 2 
7.3 first and second radiation constants 
d 4.3 [D i /ot_N 01 
2 mean diffusion distance of ion in 
undisturbed plasma 
d A6.5 ýi 
D 2.2 diffusion coefficient 
7 
D 
D 
e 
e 
f (p) 
9 
9 
gki 
G (x 
p) 
h 
e 
h. 
1L j 
h 
m 
t 
I 
I 
I (t) 
B 
e 
t 
T 
v 
0 
00 
K 
A6.5 
A7.1 filter density 
1 electronic charge 
2.3 exponential 
4.3 m expressed as polynomial in p 
2.3 ay , eq. (2.3.20) x 
7.3 eq. (7.3.9) 
A6.6 coefficients of Dk 
2.3 yp+ (2/3) ln (V2a) -C 
2.2 Debye length, eq. (2.2.5) 
A6.6 eq. (A6.6-12) 
5.5 mass transfer coefficient 
5.5 heat transfer coefficient 
A6.3 spatial node number 
2.2 Ion current at probe surface 
3.4 indefinite integral, eq. (3.4.14) 
5.2 time-dependent current to probe in stationary 
plasma 
A7.1 intensity of image in flame with no filler 
2.2 electron current to probe 
5.3 transient current to probe in flowing system 
7.3 intensity of radiation from blackbody at temperature T 
5.4 ion current to oscillating probe 
5.2 coefficient in 1(t), eq. (5.2.2) 
7.3 source intensity viewed through filter 1 
5.5 probe current in stationary system at t 
1 current density 
A6.3 logarithmic time node number 
2.2 Boltzmann's' constant 
y-. 5---týal conductivity 
8 
L 2.4 probe length 
M A6 .1 index of transformation on n 
m 4.3 1-n 
M 2.5 molarity of atomizer solution 
M 8.2 molecular weight 
n 2.2 normalized ion density N IN i 0 
n 2.2 normalized electron density N IN e e 0 
N 1 charged particle density (ions or electrons) 
Nu 5.5 Nusselt number 
- C/x p 4.3 Axe 
p 5.2 index in I (t) , eq. (5.2.2. ) 
Pr 5.5 Prandtl number 
5.5 heat flow rate 
r 2.2 radial coordinate 
r A6.3 number of spatial intervals 
r 3.2 eq. (3.2.4) P 
R 3.6 equivalent resistance of cold boundary layer 
R' 3.6 dimensionless equivalent resistance of cold 
boundary layer 
Re 5.3 Reynold's number 
S 2.1 net production rate of charged particles 
S- 4.2 ion recombination rate 
S 4.2 ionization rate 
Sc 5.3 Schmidt number 
Sh 5.3 Sherwood number 
Sh* 5.5 electric Sherwood number 
t 2.1 time 
t 2.3 stretching parameter 
9 
tM 7.3 filter transmission 
tI A6. I ln(T+T ) 
0 
tc 5.2 time taken to flow past probe 
te 7.1 time taken to achieve equilibrium 
T 2.2 absolute temperature 
T(x) 4.3 total net ion production between 0 and x 
T1 7.3 brightness temperature of source seen through 
filter I 
u 5.4 t-t I 
vv 5.2 flame velocity 0 
v 5.4 amplitude of oscillating probe velocity 
V(t) 5.4 relative velocity of flame and probe 
v I mean thermal velocity 
V 8.2 probe voltage p 
x 2.2 h /(ar), eq. (2.2.8) e 
x 5.2 coordinate axis parallel to flow direction 
x 2.3 X/x (x == 2 in chapter 2) s s 
xv A4.2 breakpoint of quasi-neutral region 
x 3.3 r 1), eq. (3.3.3) h /(a 0 e p 
y 2.2 normalized electrostatic potential, 
-e ý/(kT) 
y A4.4 see eq. (4.4-13) 
Y 2.3 stretching parameter 
a 4.2 eq. (4.2.6) 
Ot 3.4 see section 3.4 
a 4.2 ionization coefficient 
a 4.2 recombination coefficient 
7.3 absorbtion coefficent 
4.3 
2 /(N ah Dia o e 
7.5 attenuation constant for microwaves 
10 
3.4 see section 3-. 4 
4.3 ý[l + (Y - l)/(Y + 01 
4.3 D /D 
FW 3.4 functionof c, eq. (3.4.14) 
6 3.4 C-C 
6 A4.2 x -X s 
Al 7.3 out of balance signal from photomultipliers with 
filter no. I 
AV 3.6 additional voltage drop due to cold boundary layer 
C 2.1 free space permittivity 0 
3.3 T /T 
C A7.1 source emissivity 
3.2 r '/r, eq. (3.2.4) p 
A6.1 )m Wn 
p 
2.2 inverse normalized distance h /r 
3.2 thermal conductivity 
<1 5.5 thermal diffusivity 
3.3 mean free path 
7.3 wavelength 
2.2 mobility 
2.2 )/(ID T (1 D T i) e I- e e 
P 2.2 Normalized position coordinate r/h e 
T 6.2 t/h 
2 
normalized time D I 
T 6.5 Maximum value Of T for which I(t) values are d 
available 
5.4 angular frequency of probe oscillation 
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CHAPTER 1 
INTRODUCTION 
14. 
High pressure ionized gases occur in many situations of 
practical interest. These include electrical discharges, shock tubes, 
and flames. In any discussion of their properties a knowledge of the 
density of ions and electrons is most important. It is therefore 
necessary to have an instrument capable of measuring the charge density 
in such systems. This thesis describes a theoretical and experimental 
investigation into one such device, the electrostatic probe, and its 
application to the measurement of ion density in flames. 
For a gas at about atmospheric pressure the mean free path 
of any ion or molecule is almost always much less than any length 
characterigtic of the vessel in which it is contained, or any physical 
structure placed in it. Such a gas is said to be at a high pressure 
in the present context. In an ionized flame there are several possible 
methods of measuring ion density. Barber and Swift (1966) have 
proposed a system in which a plane polarized beam of infra-red radiation 
is passed through the flame in the presence of a magnetic field. The 
Faraday effect causes the plane of polarization to be rotated; the 
rotation is proportional to electron density. This system is only 
suitable for flames with very high charge densities, where a strong 
magnetic field is available, such as a large magnetohydrodynamic 
(MHD) generator. Foggo and Whitcombe (1969) have described a 
radio frequency method of measuring flame conductivity which is 
essentially the same as measuring charge density. Two coils are set 
up near the flame, a radio frequency current is passed through one, 
and a voltage is induced 
in the second. If an ionized flame, or any 
other conductor, is placed between the coils, the induced voltage in 
the secondary is a function of the flame conductivity. Foggo, Norris 
1- 
15. 
and Thomas (1969) have discussed the change of attenuation theoretically, 
in simplified geometry. This paper may be found at the back of this 
thesis. 
third method of measuring charge density using 
electromagnetic radiation is by measuring the attenuation of 
microwaves passing through the flame. This is proportional to 
electron density. Belcher and Sugden (1950), Schneider and Hofman 
(1959), and Shuler and Weber (1954) have described measurements using 
this principle. It has been used as a calibration measurement in 
this work. 
The chief disadvantage of both the radio frequency 
and microwave methods is that they give very poor spatial resolution 
in the measurement. It is necessary to use a rather poorly defined 
beam which travels right through the flame. Microwaves are more 
suitable for the lower charge densities and the radio frequency 
method for the higher. An instrument capable of measuring charge 
densities in local regions of the flame would have considerable 
advantagc. -; - 
The electrostatic probe has been used in low pressure 
plasmas (i. e. where the mean free path is much greater than the probe 
size) many times since described by Langmuir and Mott-Smith (1926). 
When biased sufficiently with respect to plasma potential that it 
collects only ions or electrons, the probe current density j is given 
by the random thermal flux of charged particles to the probe surface: 
Ne v (1.1) 
where N is the charge density, e the electronic charge, and v- the 
mean thermal velocity of ions or electrons. Corrections to eq. (1.1) 
may be applied to allow for sheath size, non-Maxwellian distribution, 
I. 
16. 
and so on, but it may be used to give approximate values of N in 
many cases. However eq. (1.1) is not applicable in a high pressure 
system. The flux of particles is then reduced to a lower value than 
predicted by eq. (1.1) as a region much thicker than a mean free 
path is depleted of charge more rapidly than fresh particles can 
diffuse into it. However, it is still possible to obtain experimental 
probe characteristics from a plasma quite simply in the high pressure 
regime. It is therefore desirable to extend the theory of probe 
operation so that the high pressure measurements can be interpreted 
in terms of charge density. The present work was undertaken with 
this objective. 
The following chapter discusses the previous probe 
measurements that have been made in high pressure flames, and compares 
them with the available theory. It is found that there are certain 
anomolies, and the remainder of the work is concerned with extending 
the theory in various directions in order to attempt to resolve these 
anomolies, and comparing the improved theory with experiments. 
CHAPTER 2 
EXISTING CONTINUUM THEORIES AND EXPERIMENTS 
2.1 The Continuum Concept 
17. 
Since the mean free path of all species in a plasma is very 
small compared with any practical probe at pressures of the order of 
1 atmosphere or higher, a particle arriving at a probe will have 
suffered many collisions on its approach. If the mean free path is 
small compared with any other characteristics length of the system, the 
plasma is adequately described by its macroscopic properties, and 
microscopic properties such as molecular structure, mean free paths, 
collisions times, etc, need not be discussed in order to investigate 
potential distributions round the probe. The distribution of charge 
can be represented by a continuum charge density distribution instead 
of as a collection of charged particles, the distribution of mass can 
be represented by density, and so on. 
Provided mass-motion can be neglected equations of continuity 
can be written for ions and electrons 
DN. 
Dt 
1., e + div F 
i, e 
s 
ie 
(2.1.1) 
where N is the number density of ions or electrons, F the flux and S 
the net production rate, at a particular point. In conjunction with 
Poisson's equation 
N )e/F- 
these equations, with appropriate boundary conditions, describe the 
plasma round a probe, and can 
be solved to yield theoretical current- 
voltage characteristics. 
2.2 18. 
2.2 Some Symbols and Transformations 
It is appropriate to collect together here some of the 
quantities which will be frequently used below. The diffusion 
coefficients for ions and electrons are DI and De and the mobilities 
ýi i and p e* 
The Einstein relation 
eD 
kT (2.2.1) 
is assumed to apply. The ion density NI has the value N0 at an 
infinite distance from the probe, and a normalized ion density 
Ni INO (2.2.2) 
will be used. Similarly 
Ne/fN0 (2.2.3) 
where the electron density Ne is also assumed to go to N0 at 
infinity. The electrostatic potential ý is normalised to kT by 
(kT) (2.2.4) 
The Debye length of the plasma is 
h 
I- kT F- (2.2.5) 
0 
e Ll -2 e 
and a non-dimensional probe ion current can be written 
11 (2.2.6) 
a 47TN eD h 
where I is the probe ion current. The electron current Ie will 
be normalised as 
pfI epi/ 
(Ipe) (2.2.7) 
2.3 
It will frequently be useful to work in inverse distance 
coor in at es and we de f ine 
he/ (ar), Ti =he /r 
19. 
(2.2.8) 
Notice that x is both inversely proportional to r and proportional 
to ion current ('/a). Subscript p refers to the probe, so for a 
given probe radius rp1, xp is proportional to the probe ion current. 
We are chiefly concerned with negative probes and the ion currents 
to them. 
The position coordinate will sometimes be normalized to the 
Debye length to give p 
r/h (2.2.9) 
2.3 The Theories of Su and Lam and of Cohen for Spherical Probes 
The first satisfactory attempts to solve the continuum 
eis. (2.2.1) and (2-2.2) were by Su and Lam (1963) and Cohen (1963), 
for spherical probes. Su and Lam give analytical forms of the 
current volta6e characteristics for the highly negative and nearly 
plasma potential cases of a probe with radius large compared with 
the Debye length ((-, P 
--> 1) whilst Cohen considers intermediate 
potentials. Su and Lam also give numerical calculations over a wider 
range of p. Since according to Bradley and Mathews (1967b) a 
negative probe in a flame is always highly negative according to the 
definition of Su and Lam (see below) we will consider the latter's 
work in some detail. They consider a quiescent plasma (S ie ':: 0) with 
no mass flow, or temperature gradients, o in inite extent, with a 
spherical probe of radius rp at the origin of a polar coordinate 
system. The probe absorbs all charge4particles 
incident on it and 
2.3 
20. 
does not emit electrons. The particle fluxes3, if the ion and electron 
temperatures T are equal, are given by 
rI=-DIVN-DINIe Vý/(kT) (2-3.1) 
F 
-e 
=-De VN e+DeNee 
Vý/(kT) (2.3.2) 
For steady state and equilibrium geometry the equations of continuity 
integrate to give 
47Tr 
2eD. 
dN 
ie +Ni, e 
e dý 
1. (2.3.3) 
i, e 
( 
dr kT 
)r 
ie 
Eqs. (2.3.3) and (2.1.2) can be rewritten in terms of the non- 
dimensional variables discussed in section 2.2 in the forms 
dn 
e+ dy 
dx ýix ne 
(2-3.4) 
dn dy 
n (2.3.5) dx dx 
242 
axy n-n (2.3.6) 
dx 
2e 
The boundary conditions are taken by Su and Lam to be 
neI 
Xpyne 
(2.3.7) 
A discussion of the boundary conditions is given in Chapter 3. 
The problem is to find the relationship between probe current xp 
and voltage y 
2.3 21. 
To solve these equations for a highly negative probe 
Su and Lam f irst make estimates of a and p' and show that they are 
very small compared with unity. It follows from this, eq. (2.3-4) 
and the boundary conditions, 
that n e-Y e 
(2.3.8) 
Also, when x is small, the left-hand side of eq. (2.3.6) is 0(0) 
so n`ne- Eqs. (2.3.6) and (2.3.5), solved with n ýh ne give 
ne=I-Ix+ O(a 
2) 
(2.3.9) 
ln (I -I x) +0 (a 
2) (2.3.10) 
The behaviour of the plasma in this region is essentially ambipolar 
diffusion. These solutions are singular at x=2. However it can 
be shown that a2x4d2 y/dx 
2 
becomes comparable with n or ne when 
22 
1x=a323 (2.3.11) 
and the quasi-neutral solution (n-n e) will 
therefore break down near 
the point where x=2, and eq. (2.3.10) is valid only when 
2 111- 
j In(2 a) (2.3.12) 
Su and Lam def ine a highly negative probe as 
2 Ip. 
yp>- ln(2a)>> I 
that is, one in which the singularit 
Iy 
occurs at r>r p 
(2.3.13) 
To extend the solutions past the singularity at x=2, the 
coordinates are stretched as 
1/3 2 /3 
Ix I+2at (2.3.14) 
=-3- ln (2 
1 
a) +Y (2.3.15) y3 
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and putting these in eqs. (2.3.5), (2.3.6) and (2.3.8) and neglecting 
terms O(a 
/3 
) gives 
tt yy 
ttt 
- 
t 
(2-3.16) 
If t <<-I a solution of eq. (2.3.16) which matches the quasi-neutral 
solution is 
ln (-t) (2.3.17) 
12 
Note. that eq. (2.3.16) is only valid for 2a ItI<<l, so the 
condition for eq. (2.3.17) to be valid is 
1 
_2 3a 
(2.3.18) 
The other side of the singularity, where t is large and positive 
gives the solution 
3 /2 
Y(t) = (2ý2/3)t +C (2.3.19) 
where C1 is an integration constant. Su and Lam's paper considers 
the more general case of different ion and electron temperatures 
and C, is found to be a function of their ratio (Ti/T e 
). However 
they obtain the magnitude of it only for two values of (T i /T e) 
but 
conclude, as the results are very similar, that C, is about 3 for all 
/T 
e- 
The region in the neighbourhood of the singularity at x=2 
is called by Su and Lam the transition region. No exact analytical 
expression for the potential has been given for this region. 
Eqs. (2.3.17) and (2.3.19) are approximate expressions for the regions 
on either side of x=2 where a- 
2 /3 
2- 
1/3 
>>Itl>>I. The quasi- 
neutral solutions smoothly match onto the solutions 
for negative t, 
and the solutions for positive t are used as a boundary condition for 
--I 
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When the far side of the transition region is reached 
(t -+ co) e 
-Y has become negligible. Writing 
9= ay 
x 
(2.3.20) 
it can be shown that g- 0(l), and eqs. (2.3.5) and (2.3-6) give, 
after dropping terms O(a) compared with terms 0(l), 
99x (2.3.21) 
Integrating this twice and matching to the transitional 
solution gives 
x 
22 
y ln 72-a +c1+ 73-a t-3 dx (2.3.22) 
.1 
(11 
x ý) 
where x= 
12XI The ion density is given by 
n= I/y x 
(2.3 
-Z 3) 
Finally, to achieve the boundary condition n=0 at xp 
on the probe surface a fourth region is needed. The quantity g 
is no longer 0(l) and an additional term is required in eq. (2.3.21). 
However it can be shown that the potential distribution in this 
region, the ion diffusion layer, which is thin, is closely 
approximate to that given by the ion sheath solution, eq. (2.3.22). 
The complete probe characteristic is therefore given by this equation, 
with the upper limit of integration replaced by xp and y by y P* 
However, in this form x is not given explicitly as a function of y, 
which is useful in interpreting experimental results of probe 
measurements. However 
if xp >>I eq. 
approximate form 
xp - 
2 vý3y p 
pp 
(2.3.22) reduces to the 
(2.3.24) 
2.3 
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which does give xp explicitly as a function of y po 
Note that the 
form of this equation quoted in Su and Lam's paper is in error. 
Eq. (2.3.24) transfers back to dimensional form as 
1 3122 112 
4224 
321T V3e c2 No ýp rp DiT0 (2.3.25) 
2 A plot of G(x p 
(Y 
p+y 
ln V2a-Cl)lep given by the accurate solution, 
eq. (2.3.22) and of xp (y P) given 
by eq. (2.3.24) is shown in Fig. 2.1. 
It can be seen that for xp>5 the error in using eq. (2.3.24) is 
less than 25%. Fig. 2.2 shows the four regions into which the 
solution has been broken down, the quasi-neutral, transition, ion-sheath, 
and ion-diffusion regions. 
The theory of a spherical probe with only a moderate 
potential (eq. (2.3.12) not satisfied) using the method of matched 
assymptotic expansions, has been developed by Cohen (1963). In this 
regime the solutions terminate in the transition region, and no 
thick sheath is present, as it is in the theory of Su and Lam diýcussed 
above. The results of the two theories match smoothly in the overlap 
region between the two r6gimes, and as a highly negative probe gives 
an explicit expression for the ion density as a function of current 
and voltage, and is therefore of greater use for practical measurements 
of ion density, we will not discuss Cohen's analysis in detail. 
2.4 Extensions to Other Geometries and to Double Probes 
The highly negative probe theory of Su and Lam reduces to a 
particularly simple form 
in the limit pp -ý- 00. This corresponds to a 
large probe (r p 
large) in a dense plasma (h e small). 
All terms except 
the integral in eq. (2.3.22) then vanish, giving xp = 2, or I= 87r p eD ]- 
N0 
This is twice the random ion diffusion current the probe collects when 
25. 
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it is at plasma potential (ýp = 0). The only collection mechanism 
operating is essentially ambipolar diffusion. Su and Kiel (1966) 
have considered an ellipsoidal probe in this limit of Pp -* co. After 
suitable transformations their equations can be reduced to the same 
form as eqs. (2.3.4) to eq. (2.3-6). This can only be done with this 
restriction on pp as in this limit the potential drop occurs across 
an infinitesional region at xp=2, and additional. factors arise 
in Su and Kiel's transformed equations if there is a thick sheath. 
Two cases of practical interest are derived from their results by 
considering a cylindrical probe (e. g. a wire) and a disc as two 
limiting geometries of the ellipsoid. The results for the ion current 
are, for the cylinder of length L, and radius r 
I= 4TrLeD 
IN0 
/ln OTL/4r 
p) 
(2.4.1) 
and for the disc, of radius rp (both sides) 
I= 16 rpeD1. N0 (2.4.2) 
A similar extension (Cohen 1967) has been made to Cohen's moderate 
potential theory. The results are similar in both cases to those obtained 
earlier by Zakharova et al (1960). The theory has been extended to 
the case of moderate ionization, where electron-ion collisions occur 
sufficiently often for the diffusion coefficients to be modified, by 
Su and Sonin (1967). However the extension is only to a r6gime where 
the ionization has a small perturbing effect on the ion current. 
The first treatment of a double probe at high pressure is 
by Cozens and Von Engel (1965). They considered a plane probe at the 
wall of a system, with ion production terms present,, and with 
ions 
and electrons being lost to the wall. The 
ion motion was described 
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using the ambipolar diffusion concept. A double probe flush with 
the wall gives a current-voltage characteristic of exactly the same 
S-shaped functional form as found in the low pressure case by 
Johnson and Malter (1950) and the electron temperature is found in 
the same way. No predictions are made of the value of the saturation 
current, and the treatment is only applicable to a system where losses 
of charged particles by ambipolar diffusion are balanced by ion 
production terms. 
An extension of Su and Lam's treatment of the single spherical 
probe to the double spherical probe, has been performed by Bradley 
and Matthews (1967a). They have shown (1967b) that the more positive 
probe in a flame satisfies the condition in eq. (2.3.13) for a highly 
negative probe. They take the expression for the electron current, 
for a particular probe potential, which may be obtained from eq. (2.3.4) 
as 
x 
f p 
[ 
exp (y) dx (2.4.3) 
and using the method of Johnson and Malter (1950), requiring that the total 
current in the probe circuit be constant, construct double probe 
curves from Su and Lam's numerical results. Again S-shaped curves 
result, and if the potential difference Aý p 
is greater than a few kT/e, 
the probes draw a saturation current given by the Su and Lam ion 
current. If the electron temperature is read off using Johnson and 
Malter's technique, it will be in error. However, their calculations 
show that the error in interpreting probe characteristics in this way 
is normally less than 10% in Te. 
Sahni (1970) has recently given a discussion of the effect 
of energy lost by electrons when crossing the sheath on electron 
temperature measurements. He concludes that with a cooled probe the 
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effect of the cold boundary layer around it is reduced if the plasma 
is flowing with respect to the probe, as it is thinner, and that 
reasonable values of electron temperature can be obtained. In a 
stationary system however the larger thermal boundary layer will cause 
the electrons to lose more energy in crossing the sheath, giving 
misleading vlaues of electron temperature. 
2.5 Experiments in Flames 
There have been many attempts to use electrostatic probes 
for measurements in flames in the continuum regime. Some of the 
earliest workers to do this were Calcote and King (1956) who used a 
Langmuir (low pressure) type theory in an atmospheric pressure alkali 
metal seeded flame; the observed currents were about 400 times 
lower than expected. Latterly Calcote (1963) has used a continuum 
theory similar tDbut less rigorous than that of Su and Kiel (1966) 
to interpret his probe results. The ion densities deduced were used 
in studies of chemical kinetics. Wortberg (1965) has used the same 
expression, tQ calculate recombination coefficients. 
Workers at the Rocket Propulsion Establishment, Westcott, 
have attempted an independent check on the applicability of the su 
and Lam (1963) 0-wory to flames. An earlier paper (Travers and 
Williams 1965) contained a less satisfactory simple probe theory, but 
later papers use Su and Lam's results. Salter and Travers (1965) 
find that there is a square law current-voltage relationship as 
predicted by Su and Lam but instead of I-rp1 they measure I-rp0.9 
Soundy and Willi, --aus (1965) investigated the relationship between I and 
No* They used caesium seed i. n an atmospheric pressure flame to produce 
cs+, ions. The Saha equation predicts an ion density proportional to 
the concentration of caesium salt solution 
in an atomiser in the gas 
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supply to the burner for low concentrations, and an ion density 
proportional to the square root of solution concentration at high 
2 ion densities. Su and Lam's theory predicts IaN04 (eq. 2.3.25). 
They plotted 1 
/3 
against the caesium solution molarity, found the 
limiting slopes of 1 and I on a log-log plot of 13 vs M, the 2 
molarity, and hence could calibrate the probe and the atomiser. The 
3 
result was that the current, whilst following the I-N04 prediction, 
was found to be too high by a factor of 115. The mobility was taken 
to be pi= 10-4 m 
2VAs-I 
. This was the only unknown factor in the 
calculation of the constant of proportionality, but to take a value 
more than 100 times higher, as required to obtain agreement with the 
theory, would be unreasonable. Further discussion on the magnitude 
of p is given later. 
A similar result has been found by Cox and Curtis (1968) 
who calibrated the probe by measuring the plasma conductivity with a 
system of coaxial electrodes. The cathode was sufficiently hot to 
emit electrons. Using the same mobility as Salter and Travers (1965) 
their results give currents higher than the Su and Lam prediction 
by a factor of 292. 
At pressures much less than atmospheric but still too high 
for collisions to be ignored, greater success has been achieved. 
Weissman, Scharfman, and Guthart (1967) have compared cylindrical 
probes and microwaves for ion density measurements 
in a pre-mixed 
ethylene-oxygen flame at 10 mm Hg pressure and 
found that the two 
results always agree to within a factor of 
3. Bradley and Matthews 
(1967b) have used a spherical probe at a similar pressure, and 
although they have not calibrated 
it, obtained results for ion density 
using Su and Lam's 
(1963) theory that seemed reasonable. 
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Since the realisation that high pressure probe theories 
in atmospheric pressure flames do not give absolute measurements of 
ion density any more reliable than use of a low pressure expression, 
it has been possible to use probes for comparative measurements only. 
Thus, Cummings and Hutton (1967) use a spherical probe in ethylene- 
nitric oxide-air flames, and measure ion profiles by plotting 1 
/3 
9 
but assign no absolute values to the ion density. 
The use of probes in flames has been largely confined to 
ion density rather than electron density measurements. A 'single' 
probe requires another electrode to be inserted in the plasma to 
complete the electric circuit. If the probe is made positive with 
respect to the other electrode this acts as a negative probe. It 
is extremely difficult to make this sufficiently large that the 
electron current to the small probe is the limiting current in the 
circuit rather than the ion current to the large electrode, because of 
the difference in ion and electron mobilities. However Yanagi (1968) 
has recently described a three electrode technique to overcome this. 
The third electrode is held at a large negative voltage so that it 
draws a much larger ion current than the simple two electrode system 
and if this is sufficiently large it exceeds the electron current 
at lower positive voltages to a small probe. 
Double probes have been used for electron temperature 
measurements. CozeLIS (1965) and Attard (private communication) have 
reported apparent very high (up to 2eV) electron temperatures in 
-certain torch flames. Malaczynski 
(1967) has reported that measured 
e- Ie ctron temperatures rise as the 
ion density in a flame increase. As 
no other method has been used to confirm the probe results and 
in view 
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of the errors that can arise in applying probe theories to 
measurements of ion deusity without calibraticýn of the probe, it 
seems advisable to treat these results with caution. 
A related phenomenon which has been observed with probes 
in flames is the calorelectric effect (Von Engel and Cozens 1963 , 
Debiesse and Klein 1964). If two probes are held at different 
temperatures a potential difference of up to about one volt is 
obtained between them. Von Engel and Cozens propose a theory for 
this effect but it is not wholly satisfactory. The experiments and 
theories described above give divergent values for ion currents in 
a flowing flame even when no thermal gradients are present; until a 
complete accurate description of the single probe has been developed 
it seems unlikely that the calorelectric effect will be completely 
quantitatively understood. 
Clements and SmY (1969a, b) have recently performed expeziments, 
and constructed an approximate theory,, taking account of the velocity 
of the flame. Their conclusions are in broad agreement with those of 
the author and are discussed in detail in section 8.5.3. 
2.6 Statement of Problem 
The work described above shows that the interpretation of 
probe measurements of current into ion densities 
is fraught with 
difficulty - indeed that at atmospheric pressure, 
in laboratory flames, 
experimentally recorded currents are more than 100 times the theoretical 
expectation. Although this discrepancy 
is probably due in part to 
" poor ch oice of the value of mobility pi to 
be used in the calculations, 
" point which is discussed 
in detail in section 8.3, the theory of 
the ion current to the probe clearly requires 
improvement. 
The Su and Lam theory described in section 2.2 concerns the 
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current to an isolated spherical probe, in a plasma of infinite 
extent. There are no temperature gradients, the plasma is chemically 
quiescent, and the probe is stationary with respect to the plasma. 
It is non-emitting and absorbs any charged p, article incident on it. 
The probe potential has remained constant for a sufficiently long 
time for the equilibrium current to have been attained. All of these 
restrictions are violated to a greater or lesser extent in a real 
f lame. In the following chapters the theory is extended to include 
many of these non-ideal effects. The relative importance of them 
is discussed, and calculated probe currents,, taking account of those 
non-ideal effects found to have a sufficient influence on the theoretical 
values, are presented. Measurements made on a laboratory flame to 
confirm the calculations are then described. It is found that the most 
important factors not cons-idered in earlier theories are the flow 
velocity of the flame and the time taken to achieve equilibrium. 
Certain parts of the work in the following chapters have 
been published elsewhere. Chapter 3 is substantially similar to a 
paper which appeared in Physics of Fluids (Thomas 1969c). An 
abbreviated form of the work on ion production in chapter 4. was 
presented at the 1969 Gas Discharge Conference 
(Thomas 1969aý. A 
full discussion of the sodium D-line reversal temperature measuring 
apparatus, and the errors likely to arise 
in its application was 
published in Combustion and Flame 
(Thomas 1968b, 1968c). A brief 
account of the time-dependent measurements with cylindrical probes 
(Thomas 1969b) appeared in Electronics Letters. Copies of these 
papers are included at the back of this thesis. 
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CHAPTER 3 
CONTINLUI THEORY OF'A COOLED SPHERICAL PROBE 
3.1 Introduction 
As mentioned in the previous chapter, one of the important 
respects in which the idealized probe theory of Su and, Lam (1963) 
differs from a real system is in its neglect of thermal gradients in 
the plasma. Since the probe is almost always much cooler than the 
flame in which it is placed, thermal gradients will be set up around 
it. In this chapter the effect of these thermal gradients on the 
idealized equilibrium probe theory is discussed; all other conditions 
are similar to those of Su and Lam. 
In this chapter the properties of the gas are assumed to 
vary in the manner predicted by simple kinetic theory for an ideal 
gas. The Fourier heat conduction equation is solved in the steady 
state in spherical coordinates, and the temperature distribution found 
is taken to be that in the gas round the probe. The diffusion-mobility 
equations are modified to include the effects of this temperature 
distribution, and it is found that the methods of solution adopted by 
Su and Lam for a highly negative probe are still applicable. The 
equations are solved and current-voltage curves constructed. 
3.2 The Temperature Distribution 
Let the temperature of the gas a long way from the probe be 
To and the temperature of the probe be Tp. It will be assumed that the 
gas near the probe is at the equilibrium temperature. 
For a gas of 
thermal conductivity S the Fourier equation of heat conduction, 
for 
a medium of variable K 
is. for equilibrium conditions (ýT/ýt = 0) and 
spherical geometry, 
3.2 
d 2. dT 
r dr 
(K 
dr 0 
Now from Simple kinetic theory 
1 
K0 (T/T 
so the integral of eq. (3.2.1) is 
3 
2 
2KTT 
-(A/r) +B !ýo0 
The boundary conditions are 
oo ,T=T 09 
rp, Tp 
so eq. (3.2.2) becomes 
T0rrpT (I 
where 33 
2Y 
T' T 
r1=r-0 
T 3/2 r 
0 
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(3.2.1) 
(3.2.2) 
(3.2.3) 
(3.2.4) 
and this is the temperature distribution around the probe. 
3.3 Formulation of Problem 
The starting point is the set of equations used by Su and Lam 
for the diffusion and mobility of ions and electrons, and Poisson's 
equation, eqs. (2.3.1) to (2.3.3). However, since T varies near the 
probe as in eq. (3.2.31 the method of solution is modified. From 
simple kinetic theory, in a gas at constant pressure, the mean free 
path, A is proportional to T (this assumes that the molecules are 
rigid spheres, i. e., that the collision, cross section is independent 
of temperature) and since DI Av, where v i-s the mean molecular 
3.3 
velocity, proportional to T, 
3 
DD (T/T )7 =D 
We put 
a (T/T )I = 
and 
(T/T 
0 
where 
a 0 
and 
47TN 
eDh 0oe 
F- II 
0 
c0=0 /T 
e 
). 
2 kTjjý he=-2 
AVN 
0e 
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We assume that Te is constant around the probe. Experimental 
measurements in flames with double probes give Te close to the gas 
temperature, which is expected, and not a lower value corresponding 
to a reduction of Te near the probe. Also it will be shown later 
that in the case of the very negative probe in which we are primarily 
interested, ne has fallen almost to zero a long way from the probe 
where T-T0, and so we would not expect the few remaining electrons 
close to the probe to have much effect on the current. 
Eqs. (2.3.1) to (2.3.3) may now be rewritten in terms of 
the nondimensional variables n=N. IN ,nN IN y= -eq)/kT 10eeoe 
where N0 is the number density at -: 
dn 
_ (1 _, 
/3 
dy 
c (1 - ý) oa=- dý dý 
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I 
(1 -0 
-T dn 
e+n dy =-Plxl C 
(d 
Ced) (3.3.2) 
ax2n (3-3.3) 0pe 
where 
hID. T 
xv o 3- e 
arIIIDeTI 0p 
To obtain the current-voltage characteristic of the probe 
we must solve eqs. (3.3.1) to (3-3-3) in the form yp = y(x p; 
ýP, Pp, F- 
0 
where p= r/h ,x=he 
/a 
0 
r, and subscript p refers to conditions at 
the probe surface. 
3.4 Solution for Highly Negative Probes 
The method of solution adopted is similar to that of Su 
and Lam, and the approximations found by them to be valid are the 
same. In particular, for the highly negative probe, p0 and 
2 
3- 
a0 << 1. To simplify the procedure the equations will be solved 
for a partictilar value of c. The same procedure may be followed 
for any other value. We choose co = 1, as this is the value found in 
the flame used for experiments described later. (Chapter 8). 
Eq. (3.3.2) can easily be solved for the case v' = 0. With 
the boundary conditions 
at c= 
we obtain 
e-Y (3.4.2) e 
Eq. (3.4.2) is the Boltzmann distribution for electrons. 
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To solve eqs. (3-3-1) to (3.3.3) we divide the solution 
into four regions. A long way from the probe n-ne, and we have 
the quasineutral region-. yý4a 
2xj2 is small, so for the case 
cc 0p 
60 eqs. (3-3.1) and (3.3.2) give 
dn 3 dn (1 -0 TC + (I -0-= -x dý p 
to give 
Using the boundary condition of eq. (3.4.1) this integrates 
3x' 
ln 
22 (3.4.3) 
2p 
3) 
Eq. (3.4.2) then gives 
y= -In n. (3.4.4) 
Clearly, eq. (3-4.4) is singular when n=0, or s 
It is in 
this region that the approximation n-ne breaks down, and 
yý4a2 X' 
2-n. From eq. (3.4.4) 
r- r- oP 
Id2n 
YýC rl dý 
whe re 
and 
(dn 
(d 
dn 
xf Xf OL(c 
3p 
dC p 
d2n 
1-2 
=- 
Thusq the quasi-neutral solution 
breaks down when 
4221 xlý 
2 X, 
n- axP Ot (ýS)j +nE fi(rs) 
(3.4-5) 
Z- --\n2, \\ 
1) 
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2 
It will be seen below that n-a3, and x' > 1, and for the values 0p 
of ý- s which we shall consider, Cs ý 
0.71, a(ý S 
), and ý(C s) are of 
order unity. The first term in the brackets of eq. (3-4-5) is 
dominant, so 
4/3 2/3 2/3 
s xv) 
[a(ýS)j 
p 
Now x' ) 
4/3 
Ot 
2/3 
is 0(l) for the range of C considered 
p 
4/3 2/3 
0.96 <, (C 
s Xý) a<1.59 
for 0.71 ý: ýs >, 03 The 
quasineutral solution, therefore, breaks down near Cs, where 
In n=2 Ina -1 +InO(1). 30 
This is similar to the result of Su and Lam for the value of y 
at the break- point of the quasineutral region (see eq. 2.3.13). 
To extend the solution past the singularity Cs we drop 
the condition n-n, retaining n e-Y Iee:: - Using this eqs. 
to (3.3.3) give, for co = 1, and with n and ne eliminated 
(l (y 4a2x2 e-yyj 
3y 
Cý 0p 
4a2x2+ 
e-Y) = -xv (3.4.6) 0pp 
In order to extend the solutions of eq. (3.4.6) past ýs we let 
2 
-T 
+at, (3.4.7) 
-1 In ao + Y(t). 
From eq. (3.4.7) 1-c, s+ 
O(a 
0 
The first integral of eq. (3.4.6) is, neglecting terms 
2/3 
3.4 
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2 
2CX, 2 2 -7 iy 
tspy ttýsxp, 
(1 - ýS) + X; CS) t 
2 
+s)3+ 1] CS 
I 
e-'y + Cl (3.4.8) 
where C is an integration constant. As ta solution 
of eq. (3-4.8) is 
ln 
cs (I CS) 
Xlt p 
+s )3 
The quasineutral solution, eqs. (3-4.3) and (3.4.4) may also be 
written in this form when ý is nearly ýs. The transitional solution 
thus joins smoothly -to the quasineutral solution, as t -* - -. 
For t -* +- eq. (3-4.8) becomes., 
IY2 t 
t 
(3.4.9) 
xpcs Cs)-3 
The integral of eq. (3.4.9) is 
3 
Y22 (3.4.10) 
c+ 
C2 
p 
Eq. (3.4.10) is analogous to eq. (3.13) of Su and Lam (see eq. 2.3.19). 
The constant CI in that equation, which appears in the same way as 
C2 above, was evaluated for two values of c and found to be about 3. 
They assumed it had this value for other values of e. C has not been 2 
calculated in the present work, but because of the similarities found 
in the final results, compared with Su and Lam, it seemsprobable that 
it remains about 3. However, as we are primarily interested in the 
very negative probe, where yp is very large, it does not much matter 
if C2 has some other value. 
The transitional solution, eq. (3.4.10) gives the potential 
2/3 
y in the region s±0 
(a 
0)- 
It is not valid for points a long 
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way past Cs, as C) can no longer be approximated by (1 S). 
However, as y increases with C, e-y becomes negligible. This is 
the ion-sheath region, where ne- 
to 
In this case eq. (3.4.6) reduces 
422422 (1 - c) [ (y ýa0 xp )]- (1 - ý) y (y ýa x' )=- x' cý 0pp 
From eq. (3.4.9) it can be seen that when t -* + -, that is, as the 
ion-sheath region is entered, then y, =0 (a 0 
-1 ). With the 
substitution 
g(ý)/(a x) 0p 
where g(O 0(l), eq. (3.4.11) becomes 
3 
C)a xý(gC 
4C)C4 
gg X, (3.4.12) 
0Cp 
Neglecting terms O(a 0) eq. 
(3.4.12) can be integrated to give 
1 
29 xv 
dC 
p 
- 
= x'I, p 
(3.4.13) 
where 
= 
I 
(i - o'T 
I I 
-1 
1 
292 (1 - (1 - 
14 7 
+ 
7 ln 
81 
I 
T 3 
14 tan-1 _1_ 
+' 2 (1 Z_. L) c 
+ 7-, -,, r3- V3 
(3.4.14) 
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or r (C) +C9 where C is an integration constant. It is 3.3 
evaluated by comparing the behaviour of g2 near the singular point, 
2 
with the transitional solution. Near Cs, where a0 3t << 1, using 
eq. (3-4.7) and Taylor's theorem 
and hence 
tc 
sFC 
(cs) 31 
Ig 2 
a 
c 
However, the transitional solution for Y2, eq. (3.4.9) may be t 
written as 2 
-T 
Ig2 
xta t p0 
3 )3 
ss 
The ion-sheath and transitional solutions for g thus match near 
if C3=- F(ý 
s) and eq. 
(3.4.13) therefore, integrates to give 
v12- YS 
1 Er W-F«)] dýs 
xt 2a 
s 
p0 
where the boundary condition y=ys at ý=cs 
has been applied. ys 
is again evaluated by matching eq. 
(3.4.15) and the transitional 
2 
solution for y 
in the region near ýs where a0 
7t << 1. Using Taylor's 
theorem, eq. (3.4.15) gives 
, r2- 
ysa 
x" 0p 
2/3 2 
0s (a tc d (a tc 
20s0s 
cs )6 ýs 
3 
2 
2 ý2- t 
f6 
ps 
(3.4.16) 
3.4 
The transitional solution eq. (3.4.10) gives 
2 Y'2- 
a03 
xp2cs 
2(1 
s 
)6 
43. 
(3.4.17) 
Comparing eqs. (3.4.16) and (3.4.17) we see that the two solutions 
are the same near c, if 
In a 
It is necessary to match the ion-sheath solution to the boundary 
conditions at the probe surface. 
ypIIc ý--" ý (3.4.18) 
It was pointed out in the previous chapter that Su and Lam have 
taken the boundary condition for n at rp (or Cp) to be n=0. This 
raises the objection that infinite ionic velocities are required 
at the probe surface in order to maintain a flux of ions. If the 
mean ionic velocity towards the probe, at the probe surface, is 
v, and the current density is j, then 
p= 
j/(evN (3.4.19) 
The value of n is very small, and 
it can be shown that Su and Lam 
p 
would obtain the same solution 
for ion current if they had used eq. 
(3.4.19) as they do with np = 0. Indeed, 
in their numerical solutions 
they found it convenient to assume throughout the 
ion-diffusion region, 
up to the probe surface, 
that n has the same value as at the inner 
edge of the 
ion-sheath. No significant error was introduced by 
this procedure. 
The matching of the ion-sheath solution to the boundary 
These are, for potential 
222Wý2ýthin ion-diffusion region where n changes C or, 
3.4 
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rapidly, and it is no longer possible to neglect dn/dC as was 
effectively done with the ion-sheath solution. However, it can be shown 
that the potential distribution in this layer is approximately linear 
in C with a slope A=yC given by the value of y which the sheath 
solution has, evaluated at cp For values of C very close to 
C with 
r, --'ý ( 
eq. (3-3.1) becomes 
(1 -( )n - (1 -ý) nA = -x' +0 (6) - pp 
The solution of this which satisfies the boundary conditions in 
eqs. (3.4.18) and (3.4.19) is 
xTA 
p 
exp 
p 
2 
A(l 
p3p3 
n exp 
A(C Cp+ 
0(6). (3.4.20) 
pp 
)3 
Since the value of n obtained from the sheath solution evaluated 
near ýp is,, from eqs. 
(3.3-3) and (3.4.13) 
xI 
p 
-+o(6)2 
A(I -Cp3 
it can be seen that the 
ion-diffusion region solution, eq. (3.4.20)9 joins 
s1noothly onto 
the ion-sheath solution since the exponential terms 2 
become negligible as 
A(C 
p 
Ml -CP becomes large. Because y, =A 
throughout the 
ion-diffusion region very little error is introduced 
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into the current-voltage characteristic by integrating the ion-sheath 
solution, eq. (3.4.15) up to the probe surface. The characteristic 
is thus 
cI 
y2 In cp 
V2 2 
pa2 --1- 
[r(( )-r(ýS)ý d( (3.4.21) 
0X12a 
sp0 
and this is independent of the precise value of np. 
3.5 Numerical Calculation of Current-Voltage Characteristics 
In order to obtain the current-voltage characteristics of 
the probe it is necessary to calculate the integral in eq. (3.4.21) 
numerically. This equation can be rewritten 
11 
222p2 
xI 
(y 
p+ 
ln a0-C 2) 
/Pp =xp( 
P) CS 
1, (0--F (ýs )j dC 
(3.5.1) 
Remembering that x' =x /ý , and noting from eq. (3.4.3) that Cs 
is 
ppp 
given by 
3/2 
[2 exp (-2/(3x')) - 1] sp 
(3-5.2) 
it can be seen that the RHS of eq. (3.5.1) is a function of xp and 
rx is essentially the non-dimensional current whilst ý 
is a 
ýp pp 
parameter related to the probe temperature by eq. 
(3.2.4). 
A short computer program was written to evaluate the RHS. 
A six-step Simpson's rule integration (N = 6) was found sufficient 
for these calculations (The difference in potential when N= 12 was 
used instead of N=6, was less than 
5%). The physical significance 
of the results 
is discussed in the next section. 
3.6 Discussion 
it is interesting to see how eq. (3-4.21) behaves when 
r <ý- 1. This occurs when 
Tp -* T0 or when the current is very large. 
3.6 
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In this case 
II 
since F(ý) - (3 ()-3 when C is small [and if c is large enough to 
make F(C) differ appreciably frorn, - (3 C)-3 F(c) is negligible 
compared with r (C ) anyway For small C (s =2 /x' from Ssp 
eq. (3.4.3) so 
C/C s 
where xhe /a 
0 r. 
Under these conditions eq. (3.4.21) becomes 
II 2X 2 
2 
In I-C1xP12 yp3a02= (3) 
pp1 '2X) 3) 
d(lx). (3.6.1) 
Eq. (3.6.1) is the same as eq. (5.6) of Su and Lam for the case 
I 
E: 0=1. 
Therefore, apart from a possible difference in C 2' the cooled 
probe draws the same current as the probe at the gas temperature, 
when ý -1, s 
The conditon CS << 1 applies in two cases. If the probe 
is at the gas temperature, Tp -* T0, then from eq. (3.2.4) Cp -+ 0. 
Since cS<CpS -+ 0 also. Thus, as one expects, eq. (3.4.21) gges 
over to the results of Su and Lam as Tp -* 
T0 Also, for'any Tp 
if the current x is large x' 
is also large and C is, therefore, small. 
pps 
Thus, for a sufficiently large current, the current 
is independent of 
the probe temperature. 
(y 
p+ 
2/3 In a0-C2 )/P p 
has been calculated, using the method 
of the previous section, 
for a range of currents xp>2, and the 
temperatures with CP 
lying between 0.01 and 0.99 (singularities in the 
computations occur 
for Cp =0 and Cp= I). The results are plotted in 
Fig. 3.1. Also plotted 
is the function 
47. 
CENTRAL ELECTRICITY RESEARCH LABORATORIES 
C) 
mr 
CD 
m 
CO* 
ui 
LLJ 1 
CD 1 
Uj 
F--4 or-, 
LLJ 
Co 
CD 
W 
Ci- 
N') 
0 
LL- 
CZ 
V-4 
m C**4 00 CM er cl%i C: ) 
e-- X -4 9--4 
3.6 
2 
ypxp 
2 (3-6.2) 
48. 
Equation (3.6.2) is an approximate form of eq. (3.6.1) given by Su 
and Lam, for large xp and is the form of their results which is 
preferred by experimentalists. It can be seen from Fig. 3.1 that 
eq. (3.6.2) is a better approximation to eq. (3.6.1) for Cp -+ 13, 
or Tp -+ 0, than it is for Tp -+ T0- For a cooled probe, at a given 
yp, the current will lie between the values given by eq. (5.6) of 
Su and Lam and by eq. (3.6.2). 
It can be seen from Fig. 3.1 that t1p effect of a cold 
boundary round a probe is similar to the insertion of a resistance 
in series with a probe without such a cold boundary layer. Assume 
that the curve for cp = 0. " (Tp 0 ). which represents dimensionless 
potential (Y p+ 
2/3 ln a0-C 2)/Pp plotted against dimensionless current 
x9 results from a dimensionless resistance R' due to the boundary p 
layer. If the dimensionless potential of the probe with no boundary 
layer is yp, and the dimensionless current to it is xp. then when the 
boundary layer is present, with the same current flow,, there is an 
additional potential drop due to the boundary layer resistance R' . The 
new potential is y' and p 
yx (3.6.2 
C 
The dashed curve in Fig. 3.1 is a plot of y'/p as a function of x ppp 
from eq. (3.6.2a). The value of R/p p 
is taken as 0.35. It can be 
seen that it closely approximates the curve 
for cp=0.99. The 
boundary layer therefore has an effect similar to the insertion of a 
resistance 
in series with a probe where there was no boundary layer - 
3.6 
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It is instructive to evaluate the magnitude of the resistance 
for a particular case. We have 
Yý 
xP0.35 pp (3.6.3) p 
For a current I, the voltage drop across the resistance R is AV, 
so from eq. (3.6.3) 
R =A V/I = 0.35 h e/ 
OTr E: o 
Di) ohms (3-. 6.4) 
For a plasma with N0=7.5 x 10 
16 
m -3 , and DI=1.60 x 10-4 m2s -1 
(typical values in a seeded flame) he=1.12 x 10-5 m, and eq. (3.6.4) 
gives R= 920 MQ. This is apparently a very large value, but it 
should be. remembered that the current flowing to the probe with no cold 
boundary layer, according to the Su and Lam theory, is itself small, 
so that. the voltage drop due to the boundary layer resistance, is 
much less than the probe voltage. 
3.7 Conclusions 
In this chapter the effect of a thermal gradient around a 
probe, with all the other conditions of Su and Lam satisifed, has been 
discussed. It has been shown that the cold boundary layer has an effect 
similar to that of a series resistance, on the probe current-voltage 
characteristics. The cooled probe results are closer to the approximate 
expression, eq. (3.6.2)9 for the uncooled probe, than the more accurate 
expressions for the uncooled probe are. The reduction in current due 
to the boundary layer is slight. 
No calculations for any other form of boundary layer, or other 
probe geometries, 
have been performed. However it would be most surprising 
if the conclusion, that inclusion of thermal boundary layer effects in the 
theory results 
in a slight reduction of probe current, was not valid 
ir, other cases also. 
5o. 
CHAPTER 4 
CONTINUM THEORY OF SPHERICAL PROBES, INCLUDING ION PRODUCTION 
4.1 Introduction 
In a seeded flame the ionization is not produced in 
the reaction zone, but thermally in the hot flowing gases. Both 
ionization and recombination are taking place all the time, and a 
thermal equilibrium, with the rates for both processes equal, is 
set up. If a probe is put in the plasma, the ion and electron 
densities are perturbed from their equilibrium values, and it is 
found that the changes in ionization and recombination rates are 
different, giving rise to a net production of ions, in one region 
near the probe. This leads to an enhanced probe current, which is 
calculated below. No account is taken of the effects of gas flow 
on the current,, in this chapter. 
In the following sections the continuum equations for 
ions and electrons, eq. (2.1.1) together with Poisson's equation, 
eq. (2.1.2) are solved when ion production terms are present in 
the steady-state, to give the current flowing to the probe as a 
function of probe voltage. We consider a highly negative probe 
drawing only ions from the plasma, and further restrictions are 
that the current is sufficiently large and the ionization 
coefficient is less than a certain value. 
The problem of including 
production terms has been previously discussed by Cohen and 
Schweitzer (1968) but they only consider production parameters small 
enough to give solutions as small perturbations ýon those without 
production terms. In this chapter the 
ionization coefficients 
are sufficiently large for the excess ion production to 
be the 
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dominant means of current collection by the probe. 
4.2 Formulation of the Problem 
The equations of continuity for ions and electrons are 
given as eq. (2.1.1) above. In the steady state ý/ýt = 0, and 
s ince S1=Se for charge conservation (only singly charged ions 
are considered) eq. (2.1.1) integrates to give 
r2Fe- -1/47e 
where I is the total current f lowing to the probe. 
Transforming to co-ordinates x=he /ar eq. (4.2.1) becomes, 
with n=Ni /N 0, ne=Ne 
/N 
01 where 
N0 is the ion and electron density 
at r=-,, and y= -eý/kT. 
dn De 
r- dn 
e dy -n 
ýX 
+-+n (4.2.2) dx u-x- -ä-x 
Z 
dx e x] 
The recombination rate for ions, S-, is 
S N-N aN2 nn (4.2.3) ie0e 
and the ionization rate is 
S+ =a+Ne=None ot + 
(4.2.4) 
where a+ and a- are the 
ionization and recombination coefficients. 
The ionization is here assumed to result 
from an electron-neutral 
collision, and recombin; 
6on from a three body collision between an 
ion, an electron, and a neutral molecule. 
The net production rate is 
2 
+- 
s- naN nn (4.2.5) 
In the region 'r -+ - where there 
is no perturbation by the probe 
and n -= ne 
0 for equilibrium, so 
4.2 
or 
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2 
aýNo N0 (4.2.6) 
S= otne (1-n) (4.2.7) 
From eq. (2.1.1) and eq. (4.2.7) one obtains 
4d dn ah e 
x 
Z] 
= x 
[-äx 
- nýd-y 2n -n) (4.2.8) dx xND. 
a e 
(1 
01 
Poisson's eqn, after normalization, is eq. (2.3.6): 
24d2y 
x2nne (4.2.9) 
Our problem is to solve the set of equations (4.2.2), (4.2.6) and 
(4.2.9) to give n(x) and y(x). As xp (the value of x at the 
probe surface) is proportional to current, the current-voltage 
characteristics take the form y (x pp 
The boundary conditions to be imposed on the solutions are, 
remote from the probe 
9 
ne=1,0, (4.2.10) 
It will be shown below that at the probe surface the ion density 
behaves in the same manner as in Su and Lam's paper, as there is no 
net ion production there. We can therefore take the boundary 
condition at the probe surface, to be 
ne=yp9xp (4.2.11) 
The comments in section 3.4, where it is pointed out that replacing 
n=0 by a small f iniw value, at xp, does not significantly change 
the calculated ion currents, still apply in this case. 
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The current is, in addition, constrained to be entirely 
ionic at the probe surface, 
1ixp)= Ig Ixp)= 
and the total current is constant everywhere: 
I=I+I. 
e1 
(4.2.12) 
(4.2.13) 
The method of solution is to start at x=0 and work 
inwards. The solutions naturally break down into a number of 
regions which smoothly join onto each other and we shall consider 
these one at a time. 
4.3 The Quasi-neutral Region 
4.3.1 Outer quasi-neutral region 
We will restrict our consideration to highly negative probes 
, drawing a current large enough for a << 1. For small values of 
x the LHS of eq. (4.2.9) is then 0(0) and gives n-ne Eq. (4.2.2. ) 
then becomes 
dn 
[D 
e ndy 
De 
dDi ý-x +1 
(4.3.1) 
xD[DI- 
If De /Di = y, and y >> 1, substituting eq. (4.3.1) in eq. (4.2.8) give 
x4d 
[I dn I+ -y-I 
I- 
ýn (1-n) (4.3.2) 
Y+l dx ýix ý+, 
] 
2 
ot 
where 
N D. a 
01 
Eq. (4.3.2) may be written 
2 
x4d+ 
Y-1 n (1-n) = -Vn(I-n) (4.3.3) 
11 
Y+I-- dx 
2 
,., gsis mr -@@" m and m 
is small, so eq. (4.3.3) becomes 
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x4d2 M/dx 
2=+Vm+0 
(m 2) (4.3.4) 
A solution of eq. (4.3.4) assymptotically valid as x -* 0, 
m -* 0, is easily obtained. If we try 
m= xAe -c/x + xBe 
C/x 
the boundary condiLon m=0 at x=0 gives B=0. 
Differentiation of eq. (4.3.5) gives 
x4d2 m/dx 
2 
--ý c2m 
(4.3.5) 
(4.3.6) 
so eq. (4.3.5) is a solution if c21 and 0, in the region 
x -+ 02 m << 
Although eq. (4.3.5) is valid only for I-n -* 0 there 
are certain deductions that can be made from it. It gives 
dn -c /x 
u-x Aec+ (4.3.7) 
and eq. (4.3.1) gives 
I dn (Y-1) dy dx (4.3.8) Tx n (Y+I) 
c- //xx 
0, and eq. (4.3.8) gives Since lim 01, n 
X-*O 
[Adpx 
X=O 
[dy 1 
g- x Y+l äx x=O 
D 
De +D lle +ýj 
(4.3.9) 
where the p's are mobilities. Now from eq. (4.2.2. ) the ion current 
is 
dn 
+n 
dy (4.3.10) 
dx dx 
4.3.2 
and hence 
Ll 
X=O 
and 
11 i 
lle +pi 
+11 
e 
e X=O 
55. 
(4.3.11) 
(4.3.12) 
Thus, even though the boundary condition is that all the current be 
ionic at the probe surface, (for a non-emitting very negative 
probe) it is almost completely electronic a great distance from the 
probe, since Pe " pi- An ion - electron pair is produced in the 
quasi-neutral zone, and the ion travels towards the probe, so that 
near the probe surface an ion current is seen, but the electron 
I 
travels away from it, and hence from a great distance the probe 
looks 11 e an electron emitter. 
4.3.2 Boundary condition for quasi-neutral region 
We have seen that a fraction 
1 
of the total current is I+y 
carried by ions at x=0. For a non-emitting probe, all the current 
is carried by ions at the probe surface where x=xp- If there is a 
sheath with ne ý-- 0, no production occurs there, but the total 
production rate around the probe must be II/[e(y+l)] in order to 
supply the extra ions which reach the probe surface and have not come 
from x=0. Now the total production rate in the region from 0 to x 
(r from - to r) is 
0() 
T(x) =f 4-ff ci ne (1-n) r2 dr 
r 
47yah 3n (1-n) dx 
3- 
fo 
4 (4.3-13) 
----cr- x 
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and from eq. (4.3.3) this may be written 
(d 
(x) = 
4-ff oth e31xd dm (4.3.14) 
dx 
ac =o 
The quasi-neutral solution is singular at x=xs, where m=1. 
This is because the approximation n-ne breaks down near xs- It 
must be matched to the sheath solution where ne=0 by a 
transition region. Since this Is thin, and since ne is small in 
it, we will assume that all production takes place in the quasi- 
neutral region, and hence that 
Y+l 
4-ff oth 
32 
ac 
[dm 
ýx ýn x 
X=x 
,s 
(4.3.15) 
which may be written as 
[dm 
aq =A x 
=x s 
(4.3.16) 
Eq. (4.3.16) is the second boundary condition to be imposed on 
the equation for the quasi-neutral region, eq. (4.3.3). 
4.3.3 Inner quasi-neutral region 
Eq. (4.3.3) can be written as 
d2mc2m (I-M) 
dx 2 
(4.3.17) 
We have found above the solution to the related equation 
x4dpc2p (4.3.18) 
dx 
2 
-C/x to be p= Axe We will look for a solution of eq. (4.3.17) 
of the form 
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f(P) =p+a2p2+a 3p 
3+ 
**' (4.3.19) 
dp 
= -C 
/x cc Since Ae 1] (4-3.20) dx 
Ix+p2+x 
wenote that if c >>xfor O<x<x sP 
dp cp (4.3.21) ý-x 2 
x 
With this restrictioneq. (4.3.17) can be written in terms of 
and p as 
4d2fc2p2+x4 df c2pc2 f(I-f) (4.3.22) 
dP2 x4 
dp 
x4 
or 
2d2f+p df 
f (1-f (4.3.23) P 
dP2 dp 
where eq. (4.3.18) is used for d2 p/dx 
2. 
By expanding f and its 
derivatives using eq. (4.3.2o)ýý substituting in eq. (4.3.23), and 
equating coefficients of different powers of p, we obtain 
2ý6 + 3(26 
)2 
- 4(26-) 
3 
This is the binomial expansion of 
Mp2 
+P 6 
The singular point xs occurs where m 
p at xs, thus satisfies 
ps 
(4-3.24) 
(4.3.25) 
ps, the value of 
(4.3.26) 
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The lower valued solution of eq. (4.3-26) is 
ps = 6(2-V3) = 1.6074 (4.3.27) 
n is plotted as a function of p in Fig. 4.1. xs may be 
determined from eq. (4.3.16): 
dm f-df Ap (4.3.28) 
dx] [d pd x] x X=X 
Now 
J-d f -1 1-P s 
/6 
1-2+V3 v/3 -I V3 
-P I 
(1+p /6 )3 (343 )3 (V3-1) 33 V3 9 (V3 _1)2 jxý--x s 
(4.3.29) 
and p 
cp s (4.3.30) 
[tpx] 
X=X x2 s 
ý3c 6 (2-V3) 
Hence 22 
s 
or c 
V3 
(4.3.31) 
22 
x s 
4.3.4 Restrictions on curreiit and production parameter 
Since x <ý xs throughout the quasi-neutral region 
c >> x for all x< xs, if c >> 1. It was thus reasonable to 
approximate c+x by c above, provided c 
The constant A is found from 
pe+ C/x s 
ps = Ax ses 
or A=x (4.3.32) 
s 
so we may write 
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(4.3.33) 
(4.3.34) 
I 
n is plotted as a function of x-xS, and x/x s, 
for 
various values of c, in Figs. 4.2 and 4.3 
When x> xs eq. (4.3-34) gives negative values of 
n. This is because the quasi-neutral assumption breaks down when 
242 
ax Y10C - n. This occurs where x<xs, and if n << I, from eq. 
(A. 4.1.6)(Appendix 4.1) 
241 
ax22 [2 2]j- s3acýc -norn (4.3-35) 433 
Note that to require n2 << I implies (ac) 
4/3 
<< 1, or 
a 
4/3 
<< c-4/3 (4.3.36) 
Now c- he/ (ý2ad) where d= [D i /a No and is the mean distance 
an ion diffuses in the undisturbed plasma between production and 
recombination. Eq. (4.3.36) can therefore be written 
a 
4/3 
<< he -4/3 (ad) 
4/3 
2 
2/3 (4.3.37) 
or he 
4/3 
<< d 
4/3 
2 
2/3 (4.3.38) 
This is in addition to the condition c >> I imposed above. These 
conditions may be combined to give 
ae<I or x >> 
d 
>> e (4.3.39) dprprp 
Eq. (4.3.38) may be written 
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2/3 
Oý- E: ] 
(4.3.40) 2epi 
There is therefore an upper limit to the range of 
values of the recombination coefficient a- which are permitted. 
This restriction arises because of the approximation that all the 
ion production arises in the quasi-neutral region. This is true 
provided n << 1 at the point where the quasi-neutral assumption 
breaks down. The other restriction on the solutions contained in 
the inequality (4.3.39) is that the current is sufficiently large. 
The probe voltage may be-increased until the current is large 
enough to satisfy this condition. However, if the recombination 
length d is large, the current may have to be increased to a very 
large value to satisfy (4.3.39). The theory presented here is therefore 
most readily suited to a plasma for which 
h << d< 2r 
ep 
(4.3.41) 
Since xp>2 for a highly negative probe even without recombination 
there is then no difficulty in satisfying the current criterion. 
4.3.5 Potential distribution in the quasi-neutral region 
The potential distribution in the quasi-neutral region may 
be obtained by integrating eq. 
(4-3.1): 
I dx I du -y-I 
-+l- nn Y+l 0 
Y-1 ln n+ 
dx (4.3.42) 
Y+l 0 n(y+l) 
x 
The second integral is evaluated in Appendix 4.2. However, 
since y >> I eq. 
(4.3.42) may be quite closely approximated by, when 
n is small, 
4.74- 
ln n (4.3.43) 
The potential at the quasi-neutral break-point is 
therefore 
2 ln C) (4.3.44) ý7 3( 3- 
4.4 The Inner Regions 
4.4.1 The transition region 
64. 
Around the singular point xs where n -+ 0 according to 
the quasi-neutral solutions, the assumption n-ne breaks down. 
We have already assumed above that n << 1 when this breakdown 
occurs, and that to first approximation there is no ion production 
past the quasi-neutral breakpoint. The current is entirely ionic 
and eqs. (4.2.2), (4-2-8), and (4.2-9) reduce to the expression 
given by Su and Lam (1963),. 
Y3; x = 
y xx x 
yx - 
2e-y 
We apply the stretching transformation, in the region 
of x s 
X 
4/3 
a 
2/3 
t+x (4.4.2) 
2 In I+ In 2+y (t) (4.4.3) 32 
ax s 
Substituting eqs. (4-4.2) and (4.4.3) in eq. (4.4.1) for x-xs gives 
I+a 2ax1 
-Y 24 -4/3 -8/3 
xsyttt s 2a +2/3 x 
4/3 2- e axsyt ta Xs ya -2/3 x -4/3 
s 
+ O(ax 
2) 2/3 (4.4.4) 
s 
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Provided (ax 2) 
2/3 
<< 1 which has already been imposed above, s 
eq. (4-4.4) is identical to the transitional equation of Su and Lam. 
eq. (2.3-16). The boundary condition as t -* --is thus 
Y(t) =- In (-t), t -* -. (4.4.5) 
Note that when x-xs, the quasi-neutral solution for y is 
In n In (x 
S_X)] 
(4.4.6) 
or In 1- In x 
4/3 
a 
2/3 
_ In (4.4.7) 2s 
The quasi-neutral and transitional solutions thus 
match smoothly as t -* - 
Following Su and Lam as t -->-+ - we obtain 
1 Y2 =t (4.4.8) 2t 
y(t) = (2ý2-/3)t 
3/2 
+c (4.4.9) 
and C is about 3. 
4.4.2 The ion-sheath region 
Beyond the transitional region e-y -* 0 and Su and Lam's 
treatment applies. We obtain 
Y2 
2 
x 3a 2 
(4.4.10) 
and by matching with the transitional solution as t -+ +- we 
find 
1 
c1= (4.4.11) 
Integrating eq. (4.4.10) and matching with eq. 
(4.4.9) as x -* xs, we 
obtain 
66. 
x 
(2 1fII In 2+ In 2+C+ -a -3 -Y dx 
axs xs1XsxI 
(4.4.12) 
Eq. (4.4.12) must be matched to the boundary condition at the probe 
surface through a thin ion-diffusion region. The analysis for this 
regi-on ollows Su and Lam exactly. As far as current-voltage 
characteristics of the probe are concerned it has no significant 
effect; these are obtained by putting y=yp and the upper 
limit of the integral as xp, in eq. (4-4.12). 
Putting 
f=_21 y In 2 In 2-C (4.4.13) 
ax s 
we have 
tp =xppp23 3- dx 3 
ýx sx 
xp 
xpX2 
131 d5E (4.4.14) =3 
x 
Apps 
where x x/xs Eq. (4.4.14) may be written 
I= (4.4.15) 
where G (x is as defined in eq. 
(5.6) of Su and Lam. 
4.5 Discussion 
4.5.1 Current-voltage characteristics 
if pp G(x p0 
for all finite y' p 
3ý 
so xp 
or xp -"= xs- But 
4.5.1 
so 
r2c 
x =1- 
SL 
rpxp 
d 
21rp1r 
x 73- -d x or xp ppp V3 d 
(4.5.1) 
Thus for the case p the saturation current is increased p 
by a factor rp /(2ý3d) over that predicted by Su and Lam. 
if x >> x22 p S2 
G(x 
pxp" so 
y /P 
2x -3 /2 
x2 (4.5.2) ppsp 
However, x 
[r x] 
(4.5-3) 
s 
ý3 
idp 
so eq. (4.5.2) becomes 
or 
22 3/8 42 
p3xp3d 
(r 
pxp 
2 5/4 
yI /pp p-d (4.5.4) p3 1/8 rp 
67. 
Note that the power law dependence of y' p on xp 
is now different 
from y' p Mx 
2, 
predicted by Su and Lam, in the absence of ion 
production. 
4.5.2 Effect of a cooled probe 
The results of the previous chapter which considered a 
cooled probe, with no production, may be applied in the case xp >> 
The region where production occurs is then xp<1, and to first 
approximation the temperature here is T0- The above results apply. 
w-, - £ 
68. 
For the region f rom xs to xP, with no production we use the earlier 
results for the sheath potential drop. Eq. (3.5.1) gives 
y21 
p3 
XP 1 
21 
a0 
x 
2p 
3 
ax2 
fl 
0s 
p133 
dý 
cs cs 
dx 
= eq. (4.4.14) above. 
Thus the potential drop in the sheath is not affected by the cold 
layer when the current is sufficiently large. 
If the current is not so largeso that xp i> 1, the 
production occurs in a region where T0 Too The temperature 
dependence of the production parameters must therefore be included, 
and this is beyond the scope of this chapter. 
4.6 Conclusions 
The influence of ionization and recombination on the 
current-voltage characteristics of a probe has been studied with 
certain restrictions on the size of the ion production parameter. 
It is found that in the near quasi-neutral region, the probe 
perturbs the ion and electron densities so that thermal equilibrium 
no longer requires the production and recombination rates to be 
equal, and there is a net production of ions. These move to the 
probe and increase the ion current to it when it is operating in 
the highly negative regime. The current is higher because without 
production the limiting factor on the current is how fast ions can 
diffuse in the quasi-neutral region. With production additional ions 
Is 
move through the outer quasi-neutral region as neutral molecules and 
are ionized in the inner quasi-neutral region. 
4.6 69. 
The mean distance in the undisturbed plasma that an ion 
i 
travels between creation and recombination is d= CDi/ot-No] 
Provided he << d<2r 
p, 
if the probe is working with Pp -* oo, so that 
the current saturates with increasing voltage, it is increased by 
af actor rp /(2 Ad) over the current in the absence of ion production. 
If the current does not saturate, then as the current goes large, 
4/5 
eq. (k5.4)predicts I-Vp If a power law relationship such as 
this is found for a spherical probe it is possible that the 
production mechanisms discussed in this chapter are responsible. 
Information on the magnitude of the ionization and 
recombination coefficients a+ and a- for typical seed materials is 
very sparse. However, experiments of Coney (to be published) in 
conjunction with an expression due to Freck (1967) indicate that 
the mechanisms discussed above should produce an enhancement in 
probe current of the order of a factor of 10. However there is very 
considerable uncertainty in this value. Soundy and Williams (1965) 
and the author have not observed the 4/5 th power law derived above, 
which indicates that ionization effects are not the dominant means 
of enhancing the current to a probe in a seeded flame. 
W, 
APPENDIX 4.1 
To Evaluate 
24 
near x ýý-L-Y-xx-- 
- -- ---- S 
70. 
-1 
1 dn Y-l YX (Y+ I)n n dx y+l 
(A. 1.1) 
so 
-1 
[-l Ln Y-1 
[ 
-1 dn 
21d2n 
YXX -y+l- n2 
dx] = Y+l n2 
dx n dx 2 
Now f rom eq. (4.3.3) 
-1 d2nc2 (1-n) 
n dx 
2x4 
(A4.1.3) 
24 
in the region of x9 dn/clx from eq. (4.3.16), and c /x s 
from eq. (4.3-31). Thus, near x S2 
111+1 Y-1 3 
y+2L2 y+l 4 
(1-n) (A4.1.4) 
xx Y+j 
(' 
Y+l 
n2n4 
(2 + y- y-I (A4.1.5) 
(-y+l) n 
If n2 << I eq. (A4.1.5) becomes 
YXX -12, (X -x S) 
(A4.1.6) 
4n 
71. 
APPENDIX 4.2 
x 
Evaluation of 
0 
x 
dx= 
,n 
0 
2 (1+P/6 ) dx 
(I+p/6)7- -p 
36 + 12p +p2 dx 
36 - 24p +p2 
Consider the case c -* -. We may split the integral into ranges. 
For 6=xs-x small compared to xs, dx =- d6, 
e- 
(r3l2)6 
dp =pe -(Y*"3/2)6 (_ vr3) d6 - 
v/3 pd6 
s22 
2 dp 
or dx = ý-j 
so 
36 + 12P +p2 dx 2 
(36 + 12p +p2) dp. (A4.2.3) fx 
36 - 24p +p 
73- 
x 36P - 24P 
2+p3 
xf 
2 
_1 
V3 
+ 
Z3 
dp "7"-- v3x(p P-PS P-PS 
where x' is the breakpoint of the quasi-neutral region, and since 
Lx f or x near x ns 
from eq. (4.3.34) (A4.2.1) 
(A4.2.2) 
Ps = 12 - 6v/3 and p's = 12 + 6v/3, this becomes 
2 log p+ 
I-x 
P-P 
s 
3 log - P-PS 
-x 
(A4.2.4) 
Note that as n -* 0 it can be shown that p -* ps +6n(3-2v"3). 
decreases from x, p -* p exp (- 
v3 6) and p << p5 pis. 
ss2s 
As x 
Eq. (A4.2.4) 
therefore becomes 
A4.2 72. 
2 [log 
(ps + 6n (3-2/3) log ps +66 73- 2 
+ V3 log 
C-2 V3 +n V3 (V3-2)] (-2 + /3) )1 
6n (V3-2 V3) v/3 (-2- 73) 
As n -* 0 this becomes 
6+2 log +2 , 
r3' 
- 
I 
V3-n (2+7ý-)] 
or 6+2 log 
2 (A4.2.5 
n (2+V3) 
For the other part of the integral n-1, so 
x 
dx (A4.2.6) x (n - 11,6 » 1). 
Combining eqs. (A4.2.5) and (A4.2.6) we obtain 
xI 
dx 2+V3 (A4.2.7) xs-2 log 
[n (' 
2 
for c -)- -ý where n' is the value of n when the quasi-neutral 
solution breaks down. 
Note that for a given value of 6, when c<-, n> the 
corresponding value for c= -- I/n is thus less, so eq. 
(A4.2.7) 
is thus an upper limit to the value of 
dx 
n 
73 
ChAPTER 5 
EFFECT OF FIAME VELOCITY ON PROBE CURRENT 
5.1 Introduction 
The previous chapters have discussed the result of 
including various effects on the idealized probe theory, and it was 
concluded that these effects would not account for the discrepancy 
between experimental measurements and the idealized theory mentioned 
in Chapter 2. Concurrently with this work Clements and Smy (1969a, b) 
have considered the influence of the flow of the plasma on the probe 
current, and found it to be important. In this chapter an alternative 
method of accounting for flow effects is expounded. The two methods 
will be compared in Chapter 8. 
In section 2 of this chapter the observed steady state 
currents to a probe in af lowing plasma are explained in terms of the 
transient currents to a probe in a stationary plasma immediately after 
a large negative voltage is switched on to it. Section 5.3 suggests 
how these transient currents might be observed in a flowing system. 
In section 5.4 it is shown how the effect of the gas flow on the 
current can be directly observed by mechanically vibrating the probe, 
whilst section 5.5 discusses some analogous situations arising in 
fluid dynamics, which strongly suggest that the current should be 
increased in the flowing system. 
5.2 Steady State Current in a Flowiný System 
Previous theories dealing with probes in high pressure moving 
plasmas have considered regions where thelmean free path 
is small K- 
compared with the Debye length, and the region of electrical 
disturbance of the plasma is small compared with the aerodynamic 
boundary layer. This is typically applicable to a stagnation point 
probe in a fast subsonic plasma of 
high ion density such as a plasma 
5.2 
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jet. 
, 
In a low velocity seeded flame, the Debye length is I&rge 
compared with the ion mean free path. 1ý. f there is no flow 
the theory of Su and Lam (1963) states that the region of electrical 
disturbance in the plasma is of the order of . or greater than, the 
probe size, for a highly negative probe. If the f low is laminar the 
distortion of the f low streamlines by the probe extends over a 
similar region. It is not therefore possible to reduce the problem 
to separate regions where only aerodynamic or only electrical 
phenomena are important. The spherical symmetry of the solutions 
disappears, and it was decided that it was not practical to solve the 
probe equation with a flow field term added, because of these added 
complications. 
To overcome this a simple approximate theory has been 
developed for the probe in a flowing system, in terms of the time- 
dependent current to a probe in a stationary plasma. If the flow 
velocity is v, and the probe diameter a, then the probe is effectively 
in a completely new plasma whenever a time tc= a/v has elapsed. 
For a typical flame, this is of the order of a millisecond or less 
for a probe diameter of about 1 mm, whilst the time taken for the 
current to a probe in a stationary plasma to decay to the equilibrium 
value can be shown to be very much larger than this. The probe thus 
draws a higher current than when no flow is present. 
Suppose that the current to a probe put in an undisturbed 
region of stationary plasma at t=0, 
is I(t), a decreasing function 
of time. In the case where flow 
is present, consider an element 
of plasma of thickness dx a distance x along the probe 
from its 
leading edge in the direction of flow. Its 
'age' (i. e. the length of 
time it has been delivering current to the probe) 
is t= x/v. The 
current from this element 
is therefore I(x/v)dx/a. The steady state 
5.2 
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current I ss to the whole probe is the sum of that from each element 
I 
at 
c 
Iss = (1/a) 
0 
I(x/v) dx = (1/t C) 
fo 
I(t)dt 
If I(t) takes the form 
I (t) =It (5.2.2) 
where p lies between 0 and 1, eq. (5.2.1) becomes 
I 
ss = I(t C) 
/ (1-P) (5.2.3) 
Therefore the steady state current to any probe can be calculated if 
the transient current I(t) to a stationary probe is known for the same 
conditions of voltage, ion density, etc. 
5.3 Transient Currents 
In order to calculate I ss 
from eq. (5.2.3) it is necessary 
to know I(t). This may be calculated theoretically or measured 
experimentally. However, as a probe cannot be held stationary with 
respect to the flowing gases, 1(t) cannot be directly determined 
experimentally. Instead, consider the case where a floating probe in 
the flowing system suddenly has a large negative voltage applied to 
it, at t=0. This does not exactly correspond to the case of a 
probe suddenly placed in a region of stationary undisturbed plasma, 
as the boundary conditions are different 
(see Fig. 5.1). However, in 
the limiting case pP -* 00, the theory of Su and Lam reduces to a simple 
ambipolar diffusion problem. The problem of 
diffusion to a sphere 
in a flowing system is well known. 
The mass transfer rate is 
proportional to the Sherwood number 
Sh and this follows the relationship 
(Fr8ssling 1936) 
Sh = 2(1+0.276 Re 
2 Sc3 (5.3.1) 
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where Re is the Reynolds number and Sc the Schmidt number. When 
no flow exists Re =0 so Sh 0=2. Since the Schmidt number 
is a constant 
of order unity for a given fluid then when Re >>l, the Sherwood number 
in a flowing system is given by, 
Sh/Sh 0.28 Re' 
0 
(5.3.2) 
This relationship is discussed in greater detail in section 5.5. 
Eq. (5.3.2) implies that the diffusion of ions to the probe surface 
increases proportionally to the square root of the flow velocity. 
Clearly, as the diffusion coefficient is unchanged, the mean ion 
concentration gradient must increase by a similar proportion at the 
probe surface. The initial ion number density distribution is therefore 
of the form shown by the dotted curve in Fig. 5.1. Clearly if Re >> 1 
this is very close to the initial condition for the probe suddenly 
placed in a stationary plasma, used to calculate I(t). 
Consider the plasma a time t after the probe is switched 
to a highly negative voltage. If t<tc, then for x between vt and a, 
the plasma was near the probe when it was switched, so its age is 
This is a fraction (t C-O/tc 
of the plasma around the probe. The 
remainder of the plasma was not present when the probe was switched 
so it contributes a current according to eq. 
(5.2.1) with tc replaced 
by t. It forms a fraction t/t c of 
the total plasma around the probe. 
The transient current to the probe is thus 
t 
it = f(t C-O/tc 
11(t) +f 1/tc) I(t') dt' (5.3-3) 
when t< tc and is given by eq. (5.2.1) when t>tc- 
If t << tc 
eq. (5.2.2) reduces to It = 
I(t). I(t) can therefore be directly 
measured in the flowing system when t << tc- 
When t >, tc the current 
becomes the steady state current I ss given 
by eq. (5.2.1). If I(t) 
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has the form of eq. (5.2.2) then eq. (5.3.3) gives 
it = I(t) f1+ (t/t 
C)p 
/-(I - P) 1 (5.3-4) 
Experiments using these equations are described in chapter 8. 
5.4 Oscillatýý Probe 
It follows from the theory above that if the relative 
velocity of the probe and flame is modulated modulations will appear 
on the probe current. The influence of flame velocity on the probe 
current can therefore be observed experimentally. If the flow 
velocity is v0, and the probe has a sinusoidal mechanical oscillation 
along the f low lines, then the relative velocity of probe and gas is 
VW =v0+vI sin wt (5.4.1) 
where vI is the amplitude and w the angular frequency of the 
oscillations (Fig. 5.2). 
It is now necessary to calculate the time tC it takes the 
plasma to f low past the probe. To first approximation 
c= a/lv(t)l 
(5.4.2) 
where a is the probe diameter. However, eq. (5.4.2) is not accurate 
enough if v(t) has changed much during the transit of the plasma 
past the probe. Consider the part of the, cycle during which the 
plasma is flowing in the upwards direction with respect to the probe 
(Fig. 5.3a. ). To calculate the time t' it has taken the plasma a distance 
x from the leading edge of the probe to travel 
from x=0 to x, at time 
t,,, the velocity is integrated: 
I 
dx =x=1 v(t)dt 
0 
it 
1- tt 
(5.4.3) 
5.4 
or, Putting 
Ut- 
v(u +t1 )du 
From eq. (5.4.5) tc is given by, at time tl, 
v(u +t1 )du 
If the flow is in the reverse direction eq. (5.4.3) becomes 
xrt1 
dx v(t)dt 
ait I- t 
0 
and a 
f-t 
v (u +t1 )du 
c 
(5.4.4) 
(5.4.5) 
(5.4.6) 
(5.4.7) 
(5.4.8) 
The velocity modulated current Iv(t) is now calculated. 
Clearly Iv (t) is the mean of the time-dependent currents I(t') to 
each element dx, for which the 'age' of the plasma is t': 
a 
iv(tl) (l/a) 
0 
I(tl)dx (5.4.9) 
This becomes 
t 
c 
v 
(t /a) 
10 
1 (t V(t t' )dt' (5.4.10) 
where the + sign refers to the up direction, and the - sign the down. 
Note that this ensures that Iv (tl) is always positive (since it is 
immaterial which direction the plasma flow is in, so far as the 
current is concerned). Wherever double signed expressions occur below, 
the upper refers to upwards flow, and the lower to downwards. Note 
that if v, <v0 the flow is always up, but if vI>V0 there is a part 
79 
of each cycle when the flow is down. 
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Integrati", ng eqs. (5.4.6) and (5.4.8) and expanding gives 
a=+fv0tc- (v I 
/W) Cos wt 1 (1 - Cos wt c)+ 
(v 1 
/w) sin wt 1 sin wt 
} 
(5.4.11) 
This cannot be solved explicitly to give tc as a function of vog vlq 
w2 tl, and a. However, when v(t) is not close to zero, if wt c 
<< 1 
(which implies that the amplitude of oscillation is large compared with 
the probe size), eq. (5.4.11) reduces to 
a=± (v 0t+v1tc sin wt 1)=±tv 
(t 
1) 
(5.4.12) 
However, when v(t I) -* 0, the terms O(wt c)2. 
in the trigonometric 
expansions become important, giving, for v(t 1) = 02 
2a 
cvIw Cos wt, 
(5.4.13) 
It may be seen from Fig. 5.2 that there are two points per cycle 
where v(t) =0 if v1> vo, and that cos wt 
I 
has the same magnitude 
but opposite sign at these two points. 
For a time-dependent current I(t) of the form of eq. (5.2.2) 
when v(t) is not nearly zero, eqs. (5.4.10) and (5.4.12) give 
I (t 1 (1 /a) 
a/v(t 1) 
t-pfv +v sin w (t tv)) dt' 
v10001 
(5.4.14) 
Now 
co 
t-P sin t dt = S(x, 1-p) 
x 
(5.4.15) 
where S(x, J-p) is the generalised Fresnel integral (Abramowitz and 
Stegun, 1965, eq. 6.5-8) which does not appear to have been tabulated. 
Howeverp if terms O(wt c) are neglected eq. 
(5.4.14) becomes 
5.4 
or 
Iv (t 1) = (1 0 
/a)v(t 
1) 
a/v(ty) 
t'-Pdt 
0 
Iv (tj) =I (a/v(t 1))/(l - 
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(5.4.16) 
(5.4.17) 
To first approximation, when v(t I) is not close to zero, the current 
to the probe is therefore the same as the steady state current from 
eq. (5-2-3)9 calculated for the instantaneous velocity v(t 1) - 
To caýculate the current at the points tI' where v(t 11) = 0ý 
to 0 (wt )2, use the expansion 
c 
V+v sin w(t '-t') wtlv cos wt +! w2t12 v (5.4.18) 011120 
to give 
.I (t /a) f (-wv cos wt')t 
2-p/ (2-p) +j 0)2 vt 
3-p/ 
v011c0c 
(5.4.19) 
tC is given by eq. (5.4.13). Because of the change in sign of cos wtl, 
for the two values of t1' which give v(t I')=0 per cycle, the values 
of Iv (t 1 
') differ according to whether they occur at the end of a 
period of upwards or downwards motion. The current therefore shows an 
asymmetry in the two minima which occur per cycle. 
For a complete cycle, the current is given by eq. (5.4.17) 
everywhere except near the two points where v(t I) 
becomes zero. At 
these points eq (5.4.19) is used. The reason for this is that when 
v=0, use of eq. (5.4.17) would give the equilibrium current I(w) but the I 
probe is not held stationary long enough 
for the current to decay to 
this value. Minima in the current occur near the two points per cycle 
at which v=0, and these minima have different values, as shown 
by 
eq. (5.4.19). An example of the current to an oscillating probe 
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predicted by eqs. (5.4.17) and (5.4. *19) is given in Fig. 5.4 for a= 
I mn, v. =3 ms-1. v1=6 ms-1, w= 600 s-1 , and p=0.5. Note 
that these results only apply to a probe for which the amplitude of 
oscillation is large compared with the probe diameter. 
5.5 Heat Transfer Analogy 
A system similar in many respects to the flow of charged 
particles to a probe is heat transfer. Formally, the heat transfer 
problem is identical to the probe problem in the limiting case 
Pp -* co, where pp is the ratio of the probe radius to the Debye length, 
as the probe problem reduces to simple ambipolar diffusion in this 
limit. The time-dependent ambipolar diffusion equation is, for ions 
and a spherical probe, 
2N 
I 
DN 
2D. 3t 
1 
(5.5.1) 
whilst the time-dependent heat conduction equation is 
D2T2 aT I DT 
2r @r KDt 
ar 
(5.5.2) 
where N. is the ion density, 2D the ambipolar diffusion coefficient 
(equal to approximately twice the ion diffusion coefficient), 
T 
the temperature and ic' the thermal diffusivity. Clearly 
eqs. (5.5.1) and (5.5.2) are equivalent, with 
Ni and T, and 2Di and 
K' being equivalent pairs of variables. 
This similarity has also 
been noted by Jensen and Kurzius (1969). 
The problem of heat conduction to a sphere 
in a flowing 
system has been extensively 
investigated and a number of empirical 
relationships put forward.. 
These are usually expressed in terms of 
the Nusselt number Nu. It 
is defined as 
Nu =ht L/K 
(5.5.3) 
where L is a characteristic 
length (the diameter for a sphere), K the 
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thermal conductivity of the fluid in which it is immersed, and ht 
the heat transfer coefficient, 
ht ý-- 0/ (AAT) (5.5.4) 
is the heat f low, A the area of the sphere and AT the temperature 
difference between the sphere's surface and infinity. For a sphere 
in a stationary system at thermal equilibrium 
Nu =2 (5.5.5) 
If the sphere is immersed in a flowing system, eq. (5.5.5) is modified. 
Nu increases in the same proportion as the flow of heat to the sphere. 
II 
Frossling (1938) gives the' eupirical relationship (see Fig. 5.5). 
Nu =. 2 {I+0.276 Re' Pr 
3 (5.5.6) 
where Re is the Reynolds number based on the sphere diameter, and Pr 
the Prandtl number of the fluid. MacAdams (1954) gives the alternative 
form, for Re from 17 to 70,000 for air 
Nu = 0.37 Re 
o. 6 (5.5.7) 
These agree to within a factor of 2 over the range of interest. 
Similar results, for ordinary diffusion of molecules, are obtained by 
substituting the Sherwood number Sh for the Nusselt number, and the 
Schmidt number Sc for the Prandtl number, as used 
in eq. 
The Sherwood number is defined as 
Sh =hm L/D (5.5.8) 
where hm is the mass transfer coefficient analogous to the 
heat transfer 
coefficient of eq. 
(5.5.4) and D the diffusion coefficient. For a 
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Clearly, in the pp -* - limit, where in a stationary system 
the current to a spherical probe is solely due to ambiPolar diffusion, 
the above relationships should apply. The current at any velocity 
is proportional to the Sherwood number based on the ambipolar 
diffusion coefficient. If the current to the probe in a stationary 
system iS I then the steady state current in a flowing system, from 00 
the above, is 
1 
ss = ICO 
(1 + 0.276 Re*'Sc 
-ý) 
(5.5.9) 
where Re* is the Reynolds number based on the ambipolar diffusion 
coefficient. Taking Sc as 0.7 eq. (5.5.9) becomes 
I=1 (1 + 0.173 Rel) 
ss (DO 
(5.5.10) 
where Re is the Reynolds number based on the ionic diffusion coefficient 
D.. 
1 
The solution of the time-dependent ambipolar diffusion 
equation (5.5-1) has been given by Carslaw and 
Jaeger (1959) and the 
time-dependent current to the probe is 
I (t) = I. 
Cl. rp (2'7TD 1 
0- 
11 
(5.5.11) 
From eq. (5.2.1) the steady state current 
in the flowing system is thus 
I 
ss =1 00 
(1 + (27)-' Rei Scl ) 
or 
Iss =1 00 
(1 + 0.333 Re 
I) (5.5.12) 
Comparing this with eq. 
(5.5.10) it can be seen that they are of the 
same form but 
differ by up to a factor of 2 in the magnitude of the 
predicted current 
I. 
s. 
However, the two empirical relationships for 
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the Nusselt number quoted above, eqs. (5.5.6) and (5.5.7) differ by 
up to a factor of 2 also, so that the expression for I ss 
obtained from 
the time-dependent current, in the pp -+ - limit, is in as good 
agreement with one of the empirical Nusselt number expressions as these 
expressions are amongst themselves. The method used in section 5.2 to 
predict steady state probe currents in a flowing plasma from the 
time-dependent currents to a probe in a stationary plasma, may thus be 
expected to give results correct to within a factor of 2. 
To extend this treatment to the region where pp is not 
infinite, and sheath effects are important,, an electric Sherwood number 
Sh* is defined, by analogy with the ordinary Sherwood number: 
I 2r 
Sh* ss p AV a 
p 
(5.5.13) 
where a is the ionic electrical conductivity of the plasma (a = ýieN 0) 
and A is the probe area. Vp is the probe voltage. The electric 
Sherwood number has the value Sh* when there is no flow, and Sh* 
is 
00 
calculated from the theory of Su and Lam (1963). 
If the time-dependent current to the probe, when the plasma 
is stationary, is 
I(t) = 1(-) 0 t-P 
(5.5.14) 
(note that this is the same as eq. 
(5.2.2. ) when 10 t-P >> I(-) and that 
the term has been added to ensure 
that I(t) has the correct 
behaviour as t -ý- 0') ) this may 
be written 
I(t) = 1(-) (1 + k(t/t 0 
)-P) (5.5.15) 
where kt aP=10 
(5.5.16) 
The steady state current in 
the flowing system is therefore 
5.5 
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1 
ss = 
(') f1+k (t/t 
0)-1(1 - 
If t0 is chosen to be 2r 2 /D 
i then k is fixed by eq. (5.5.16). 
Eq. (5.5.17) can then be written 
Sh* = Sho* f1+ k(l - p)- 
1 (Re Sc)p } (5.5.18) 
This is the generalised form of the electric Sherwood number, in a 
f lowing system. k and p can be found from measurements or calculations 
of the function I(t). Note that for p=0.5, eq. (5.5.18) reduces to the 
expression for the ordinary Sherwood number Sh. Eq. (5.5.18) predicts 
that in a flowing system the Su and Lam predicted current must be 
multiplied by 1+k (1 - p)-1 (Re Sc)p to include the effects of flow. 
5.6 Conclusions 
The problem of predicting the current I 
ss 
to an electrostatic 
probe in a flowing plasma at high pressure has been discussed. In 
section 5.2 it is shown how this current can be explained in terms of 
a time-dependent current I(t) in a stationary system, and the method of observing, 
I(t) by switching a large voltage on to the probe is outlined in 
section 5.3. The theory of a way of directly observing the effect of 
the flow velocity on the current by oscillating the probe is discussed 
in section 5.49 whilst in section 5.5 it is shown that there are certain 
common features between the probe problem and 
heat transfer to a sphere 
from a flowing gas (forced convection) and empirical 
heat transfer 
relationships are used to predict the current to a probe. 
Experimental 
confirmation of many of the 
ideas of this chapter is presented in chapter 8. 
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CHAPTER 6 
TIME-DEPENDENT SPHERICAL PROBE THEORY 
6.1 Introduction 
Measurements of probe current in flames are usually 
made in times of the order of or less than a millisecond. For 
example, the experiments reported in later chapters were made in 
a flame having a velocity of 2.9 ms- 
1 
with probe sizes of the 
order of a millimetre. The probe is thus in any particular small 
part of the plasma only for a time of the order of 0.3 ms. Clearly, 
if this time is long compared. with the time it would take a 
stationary probe, immersed in an unperturbed plasma, to achieve an 
equilibrium current, then an equilibrium theory such as that due 
to Su and Lam is appropriate. However, it has been shown experimentally 
(section 8.4) that it takes at least as long as 0.3 ms to achieve 
a steady state current in a typical flame, so that it is important to 
include time-dependent effects in the theory before applying it to 
f lame s. Once the t irpe -dependent current to a probe is known it can be 
used to predict the steady state current to the probe 
in a given 
flowing system, as shown in Chapter 5. 
6.2 Time-Dependent Probe Equations 
The equations of continuity for ions and electrons 
(subscripts i. e) when there is no ion production, are given by 
eq. (2-1-1): 
DN i, e + V-F J., e at 
where is the particle 
flux and N the particle density. 
are given by 
r=-D VN -N illi 
(6.2.1) 
The F's 
(6.2.2) 
6.2 
re=-De VN 
e+N elle 
Vý 
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(6.2.3) 
where D's are diffusion coefficients, p's are mobilities (ýi = eD/kT) 
and ý is the electrostatic potential. In addition, Poisson's 
equation, eq. (2.1.2) applies 
Vý=- e(N i-N )/E: (6.2.4) 
For a spherical probe of radius rp situated at the origin of 
spherical coordinatesq eqs. (6.2.1) to (6.2.3) give 
@N [r 2 
D. +r2 
eD 
j- 
N1 (6.2.5) 
at r2 3r 1 
kT 
3r 
] 
9N 
e13 r2 
aN 
e2 eD eNe 
Dý 
-=--. D--r (6.2.6) at 
r2 Dr 
[e 
Dr kT Dr 
In this analysis we are concerned with the rate of change 
of the ion density distribution. It is assumed that the electrons are 
in thermal equilibrium and that the electron current to the probe is 
negligible. Since the electrons respond to a change in field much 
more rapidly than the ions it is a good approximation to assume that 
they have a Boltzmann density distribution: 
NN exp (+ 
e0 kT 
(6.2-7) 
Substituting eq. (6.2.7) in eq. (6.2-4) and using the transformations 
eý 
he2 kT 
y KT reNe2 
0 
D 
t T. nNi IN 0 
h2 
e 
(6.2.8) 
6.2 
eqs. (6-2-4) and (6-2-5) become 
r) 
4 [all 
LL 
3y ýn a rl 3 T) 3naT 
tl 
4 32y 
n- e-Y 
3 rl 
The solutions to these equations are required. 
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(6.2.9) 
(6.2.10) 
Initially, a uniform 
ion density distribution is assumed, so the initial condition is 
all 
p 
The boundary conditions far from the probe are 
1= 
At the probe surface where fl = fl 
p 
y 
but the boundary condition on n is difficult. 
(6.2.11) 
(6.2.12) 
(6.2.13) 
It would be convenient to assume that the ion density n 
at the probe was the same as that in the adjacent plasma, 
i. e. dn/dn = 0. On the other hand this ignores the effect of 
the electrode in depleting the ion density near it by diffusion. 
In fact n will fall off sharply at the electrode to quite a low 
value and in the equilibrium case Su and Lam 
(1963) and the author 
in chapters 3 and 4, have taken n=0 as a 
limiting case. The 
correct solution 
lies somewhere between these two limits but under 
equilibrium conditions 
Su and Lam (1963) have demonstrated that the 
effect of ignoring these 
differences is negligible as far as the ion 
current and the 
densities outside this thin ion diffusion region 
are concerned. 
For their numerical calculations they actually used 
the condition 
dn/dn = 0, although for their analytical solutions 
6.2 
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they used the other lipiting case, n=0. In this paper the 
same procedure will be followed for the non-equilibrium situation. 
The negligible difference between the two limits in non-equilibrium 
has been demonstrated numerically, at least for one typical case 
(see Appendix 6). 
Eqs. (6.2.9) and (6.2.10) are the time-dependent equations 
for the distributions of ion density n and electrostatic potential 
y around the probe. The quantity of greatest interest is the current 
at the probe surface, I(-F). In non-dimensional form, from eqs. 
(6-2-5) and (6.2.9) 
[, n 
_ 
nDy (6.2.14) 4i(N eD h T) 9n a (r) 
At equilibrium (T this normalisation is the same as that used 
in eq. (2.2.6): 
a= 4wN 0 eD Ihe 
/I 
eq 
(6.2.15) 
in general, it has not been found possible to solve eqs. 
(6.2.9) and (6.2.10) analytically, so a numerical method has to be 
adopted. However, certain deductions can be made 
from the equations 
Without obtaining a full solution, and these' are 
discussed in the 
following sections. 
6.3 Initial Behaviour 
When a voltage is first applied the electrons move very 
rapidly leaving the 
ions undisturbed. The voltage distribution at 
this time can then 
be found fairly simply. At T=0, n 
everywhere, so 
Dn/D Tj = 0. Eq. (6.. 2.10) becomes 
d2y e-Y 
dn 2 
(6.3.1) 
This requires a numerical solution. 
This has been performed manually 
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for the case yp = 100, np = 0.01 (Pp=l/rip = 100) using a Runge-Kutta 
technique. The value of ýy/ýn at n=p is initially guessed and 
corrected iteratively, 
and the result is shown in Fig. 6.1 which also 
shows the approximate form of the equilibrium solution due to Su and 
Lam and the ion and electron density distributions. 
This initial solution breaks down into two regions (the ion 
diffusion region close to the probe has been eliminated by taking 
an/aq -= 0 at the probe surface as discussed above). There is the 
sheath region close to the electrode containing few electrons and 
beyond this, both diffusion and field induced motion are important. 
In the sheath e-Y can be neglected and eliminating y between 
eqs. (6.2.9) and (6.2.10) gives 
dn/dT = -n 
2 
(6.3.2) 
or 
(6.3.3) 
This gives the way that n varies with time initially and it should be 
noted that n remains independent of position. This result is less 
surprising than it appears at first sight if it is remembered that n 
is independent of position at T=0, and almost constant in the sheath 
at T' 
The other region is that beyond the sheath. No analytical 
results are available for this region, 
but clearly the range in which 
y and n differ fromthe 
initial values gradually spreads further from 
the probe surface. 
The general features of the early behaviour of the solutions 
for n and y are valuable checks on any numerical solutions. 
In particular, 
eq. (6.3.3) should 
be satisfied in the sheath at early times. A second 
check is to ensure 
that if calculations are continued until an equilibrium 
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current is attained, that it has the value I/a calculated by Su and 
Lam. 
6.4 Very Dense Plasma 
The case of a dense plasma is of considerable practical 
interest and can be treated analytically. As Ti p -4- 
0 (and qp=1 /n 
p -* co) 
the sheath becomes vanishingly thin and this is so even in the equilibrium 
state. Beyond the sheath n4a2 y/D r) 
2 
is small as n< np -), 0, so nI e-Y 
=ne, and there is a quasi-neutral region outside the sheath. 
Putting Ni=Ne in eqs. (6.2.5) and (6.2.6) and eliminating ý, gives 
MIII=2D[23 Ni] 
D2 Dr r ýr 
or since DI << De, transferring to non-dimensional quantities, 
an 4n 
DT 
2T) 
rl 
2 
(6.4.2) 
As has been pointed out in Chapter 5 this is a time-dependent ambipolar 
diffusion equation, similar to the equation of heat conduction. The 
solution has been given by Carslaw and Jaeger (1959) and is 
3/2 i 
n(n T) n/np) erfc [(ri p- 
TI) / (2 TI TI 
pT2 
where erfc is the complerientary error function. 
The non-dimensional current at the sheath edge is 
(6.4.3) 
nn (ýy (6.4.4) 
('r 
p 
-Y 
which, remembering that n=e, gives 
I 
[a 
n 
= -2 (6.4.5) 
a(T) rn) 
] 
p 
6.5 
Since the sheath is very thin we may use 
in the region next to the sheath to give 
I_2 [1 
+I11 a(T) T) 
p 
21T T 
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eq. (6.4.3) which is valid 
(6.4.6) 
The distribution of charge density n at various times is shown in Fig. 
6.2. It can be seen that the disturbance extends further from the probe 
after longer times, until the equilibrium distribution is obtained. 
The limiting slope of a log I vs log t graph as pp -* - is - 0.5. 
6.5 Numerical Solutions 
An analytical solution of the special case pp -+ -, and 
certain conditions that general solutions must satisfy, have been 
discussed above. Further information on the more general case can 
only be obtained from numerical solutions of the pair of equations 
(6.2.9) and (6.2.10). A modified Crank-Nicholson finite difference 
technique has been used, and is described in detail in Appendix 6. 
For many combinations of boundary conditions it was found 
that an instability occurred in the numerical solutions which 
prevented meaningful results being obtained for values of normalized 
time T greater than some critical value T d' However, it is shown in 
Appendix 6 that the results for values of T less than Td are not 
affected by the instability and are therefore valid. In general, it 
was found that the higher potentials and larger qp, gave an earlier 
onset of instability. In those cases where an equilibrium value of 
current was attained, it was in excellent agreement with that calculated 
by Su and Lam. Fig. 6.3 shows the distribution of n as a function of 
rl after various times T have. elapsed, for the case yl, = 20, qp=0.1. 
It may be seen that when the equilibrimn state is attained, n(n) takes 
the form of a straight line outside the sheath, as found for the quasi- 
neutral solution by Su and Lam. 
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A further normalisation is convenient to display the results 
of the calculation. This is 
(a( T) rl (T) er / (kTD pp 
Also, 
22 
tD /r 
(6.5.1) 
(6.5.2. ) 
If 1/(a(T)r) ) is plotted against n2T. the resulting graphs are of pp 
normalised current against normalised time . Moreover, for a particular 
probe the normalisation factors are independent of ion density and 
probe potential, so need be calculated once only. Figs. 6.4 - 6.6 are 
computed time-dependent current curves for yp = 10,100 and 1000 and 
various values of n P* 
Figs. 6.7 and 6.8 are the curves for np = 0.1 and 
0.01 and various values of y P* 
Currents at other values of y and r, 
can be found by interpolation. 
6.6 Discussion and Conclusions 
The most important feature of the results is the time taken 
to reach equilibrium. This is very long compared with most plasma 
processes. For example, if DI= 10- 
4m2 
s- 
I, 
and rp=I mm, typical values 
for flames, then t=0.01 n2T For the case yp = 100, q=0.01 the pP 
4 
equilibrium value of normalised current, 1/(a(, -)r) 3.5 x 10 P 
From Fig. 6.8 at n2TI the current exceeds this value by more than 
p 
50%. This corresponds to t= 10 ms - Any measurement made 
in a time 
shorter than this which uses an equilibrium theory will 
be seriously in 
error. 
Chapter 5 has shown that in a laboratory seeded flame any 
particular part of the plasma 
is near the probe for less than I ms, as 
after that time a completely now region of gas 
has flowed into its 
vicinity. It also showed that 
the steady state current to the probe 
can be calculated 
if the time-dependent current I(t) is known. 
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This Chapter provides calculations of I(t). These have been used 
in conjunction with chapter 5 to predict steady state probe 
currents. These are in good agreement with experimental measurements 
which are described in chapter 8. 
The work described above shows that in order for an 
equilibrium theory to be applicable to a spherical probe, q2T P 
Typically, this means t >> 10 ms. This means that no conditions 
must be changed in this time. If the probe moves into a different 
region of plasma, the plasma density changes, or the probe voltage 
alters, before this time has elapsed, then equilibrium is not 
established and the theory of Su and. Lam does not apply. With 
rp =I mm, then to keep the probe in the same region of plasma for 
a sufficiently long time requires the relative probe-plasma velocity 
v << 0.2 m! 
ý, I which is a very low value. 
Most applications of probes at high pressures to date have 
been in flames, with flow velocities >> 0.1 ms, or in situations 
such as shock tubes or electrical discharges where the plasma 
lifetime << 10 ms. The equilibrium theory is thus inapplicable in 
almost all practical cases, and time-dependent effects as 
calculated above, must be allowed 
for. 
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APPENDIX TO CHAPTER 6 
NUMERICAL SOLUTION OF TIME-DEPENDENT PROBE EQUATIONS 
A6.1 Introduction 
Chapter 6 has discussed the need for numerical solutions 
to the time-dependent probe equations. As the procedure used to 
obtain solutions is fairly involved, it was felt desirable to give full 
details, which is the purpose of this Appendix. 
be solved are 
Tj -Yýý 
ýn 
ril 
ýaT 
The equations to 
(A6.1.1) 
and 
TI = e-Y (A6.1.2) 
Here n and y are dependent variables, and q and T are independent 
variables. Eqs- (A6.1-1) and (A6.1.2) are a pair of simultaneous 
partial second order non-linear differential equations. The 
initial and boundary conditions are 
at T=0, all n 
y = 0, n= 1, at n= 0, all T 
(A6.1.3) 
y, n = 0, at n =n , all T 
rj p 
and yp are two constants9 and solutions are required for a range 
of values of both np and y P, 
Eqs - 
(A6.1.1) and (A6.1.2) have certain features in common with 
the equation of heat conduction. 
It is known (Carslaw and Jaeger 1959) 
that the Crank-Nicholson 
finite difference approximation provides 
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solutions to this that are stable under all conditions. This 
approximation has also worked satisfactorily in solving the heat 
conduction equation when a non-linear Joule heating term has been 
added (Whitwam 1969, Thomas and Warren 1969). It was therefore 
decided to use it to solve the related, but considerably more 
complicated, set of equations (A6.1.1) and (A6.1.2). 
In the following sections the method of proceeding to the 
solution at T+ 6T, given that at T, away from the boundaries,. is 
discussed, followed by a treatment of the boundaries. The method 
of finding the initial solution is then described, followed by 
details of some of the problems encountered, and the likely 
accuracy of the computed solutions. 
A6.2 Transformation of Variables 
it is known on physical grounds that near the boundary 
at Ti p the space variable Tj contains rapid changes in both n and 
y (corresponding to the ion-diffusion and ion-sheath regions). 
It is therefore desirable to have a larger number of divisions 
in a finite difference mesh near q P* 
Similarly, more rapid changes 
occur at earlier times T than later, so a variable time increment 
is required. A convenient way of proceeding is to choose suitable 
transformations of n and T and then take equally spaced meshes in 
the transformed variables. The transformations used are 
n/ TI 
p 
(m constant) 
(A6.2.1) 
t' In( T+T0) 
These give 
) cl-1/m 
-Ný 
(nVnp p r, 
i, 
(A6 , 2.2) 
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so eqs. (A6.2-1) and (A6.2.2) become 
2m2 4/m 1 1-2/m ýn 2 (1-1/m) 2 
p 
(I-M) 
c+Dn 2(1-1/m) ýn gy 
Dc 2 Dý 
- 
1-2 /m 
nc2 
(1-1 2y 
e-tv 
ýn (A6.2.3) 
C2tI 
and 
2m2C 4/m 1-2/m Dy 
+C2 
(1-1/m) D2yn- 
e-Y p Dc 2 
(A6.2.4) 
Use of the space transformation increases the density of mesh points 
near the probe surface by a factor of m, whilst it does not increase 
the total number of mesh points used. 
A6.3 Crank-Nicholson Method of Solution 
t +6t, 
to' - 0- 
012 i-I i r-I 
i! 
4-44 
r 
The new space variable (range 0 to 1) is divided into r 
equal intervals. The 
initial value of t' is t0' and we consider what 
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happens after equal increments of logarithmic time 6t'. Denoting 
the value of n at the ith C node and after a time j6t' by n ijt 
(i, integers" and expressing the finite difference approximation to 
Dn/ýý at this point by ýnij/ýý, eq. (A6.2-4) becomes, at the node 
(i ý 
2m2 4/m 1-2/m Dy ij+l +2 
(1- 1 /m) Yi -Y - j+l 11+1 
(A6.3.1 ) 
The Crank-Nicholson method is used for eq. (A6.2.3). 
Dn/Dt' = f(n, y, c) 
if 
(A6.3.2) 
then instead of the more obvious finite difference representation 
n ij +1 -`ý 
(an ij 
/Dt) 6t' +n 
ij =f 
(ni 
1 1, y li , 
ci) 6t' +n ij 
(A6 . 3.3) 
a more stable solution is obtained with 
(n )/6t' = (ýnjj+jht)=A f (nij +j, yij +l, ci) 
+f (n ij+l- ij 
22 
ij , Yjj * Cj)l 
(A6 . 3.4) 
The values of yoj" Yrj ,n oj ,n rj . 
for all j, are fixed by the 
boundary conditions. Eq. (A6.2-3) can be expressed 
in the form 
of eq. (A6.3-4) as 
I +j6tv 22 4/m 1-2/m 
0npm 
Dn. . 
'ý) yij+l Dyi 
+2 
(1-1/m) n ij +1 +n ij 
+ 
1-J 
- nij+l Dc ij Dc ac 
2 
Dc 
2 
("D Yýj 
--n 
ýnjj+j Dyij+l ýn. 
.1 -ti 2 -ýa n. - 2 ij Dc li+l ac 9c Dc 3ý 
)// 
(A6.3.5) 
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As there are (r-1) nodes, not counting the boundaries, eq. (A6.3.5) 
and eq. (A6.3.1) can be written for (r-1) values of i, at a given value 
of j. If we assume that a solution is available at time j, we have 
2(r-1) equations, with (r-1) variables n ILI 3+ 11 and 
(r-1) variables 
yi, j+, - In principle these algebraic equations may be solved, in which 
case we have advanced to time j+1 and know the solution there. This 
process can then be repeated. However as the equations are written 
above they are highly non-linear, and the solution is difficult. If 
a linear approximation to eqs. (A6.3.1) and (A6.3.5) can be found, then 
the solution is greatly simplified. Section A6.4 shows how this may be 
done. 
A6.4 Linearization Procedure 
Assume that n I- j and yij are 
known at some time j. Let 
nij+l = nij + 6n I-j 
(A6.4-1) 
yij+l = yij + 5yi i 
(A6.4.2) 
It is now assumed that 6t' is always sufficiently small so that 
Sn 
Ij << n Ij 
(A6.4.3) 
slyij << yij5 6yij << I (A6.4.4) 
Tt follows that 
e 
-Yij+l 
-e 
-Yij- 6y ij 
=e 
-Yije- 6y 'j 
e 
-Yij 
(I - 6yij) 
(A6.4.5) 
Eq. (A6.3.1) then becomes 
A6.4 
22 4/m 1-2 /m 3 6yi 
2 
pmC++2 
(1-1/m) 
16.2 
2 6yi -Yij 
2 n,, + 6n,, -e (1-6yij) 
ill 
(A6.4.6) 
Subtracting eq. (A6.3.1) written for time j, from eq. (A6.4.6) gives 
2m2 4/m 1-2/m D6yi-j* 
+ 
2(1-1/m) D2 6y ij 
Li Dý Dý 
21 
= 6n ij 
+e 
-Yij 
6yi (A6.4.7) 
To linearize eq. (A6.3.5) notice that 
ýn ii+l Yij+l 6n ij 
Dn 
ij 
Dy 
ij + 
D6n 
ij 
ýy 
Ij 
ýc ýc ýc ýc 
My 
9n 
ij 
My 
'J +0 (6n Dc Dý ij 
6yij 
6.4.8) 
We neglect terms of order the square of small quantities. Similar 
expressions to eq. (A6.4.8) can be written down for other terms in 
eq. (A6.3-5). The result is that eq. (A6.3.5) becomes 
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6n 
6t+n2m2 
4/m 1-2 /m L2 13 xp 
0it (1-1/m) ci 
D 6n. . Dyij Dy. .2 (1-1 /m) 
2n 
ij 2 
-- ij 
6n 
ii n ij 
+22 
DC Dc 
IL 
9c 
6n.. an.. Dyi 36n Dy an Hy D2y 
---a -2 
j- ij 13 ij 1-3 2 13 
Dc 
2 
Dc Dc Dc Dc ij Dc 
2 
6n 
Dyn.. a2 6y ij 
(A6.4.9) ij 
Dc 
2 ij ac 
2 
Eqs. (A6.4.7) and (A6.4.9) constitute a set of 2(r-1) linear 
algebraic equations in the unknowns 6yij and 6n 1] 
for a fixed j 
provided n Ij and yij 
are known. Solving them will therefore allow 
the solution to proceed from the jth time step to the (j+l) time 
step. 
A6.5 Reduction of Number of Variables 
Eq. (A6.4.7) allows us to substitute for n Ij 
in eq. (A6.4.9). 
Let 
a= exp - (to' + j6t') 0 
b= 12 n2m2 
4/m 
p 
(1-1/m) 
1-2/m 
d' ýj 
2 (1-1 /m) 
D 3/3ý 
Eq. (A6.4-9) can be written 
(A6.5.1) 
2cn+ d' (Dn D 6yi + d'D 
2 
6n + (c - d' (Dyij))D 6n - dvn Ij 
D 6yij -I ij ij 
11 i ij 
- 
[a/b 
+c (Dyij) + d' (D 
2yij)] 6n 
13 
+2c Dn ij -2cn ij 
Dy ij 
2 
+ 2d'D 
2n 
ij -2 
d' (Dn ij )(Dyij) - 2d'nij 
Dy 
ij =0 
(A6.5.2) 
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6n, 
i= 
(2bcD + 2bd'D 
2_ 
e-yij) 6yij (A6.5.3) 
Thus 
-I 
D 6n ij = 
[D 
(2bc)D+2bcD 2+D (2b d') D2+ 2bd'D 3+ e-yij (Dy 
13 
e-yijD i 6y ij 
(A6.5.4) 
or D 6n ij bd'D3 + (2bc+D(2bd))D2 + (D(2bc)-e 
-yij 
)D + e-yijD(yij) 
1 
6yi i 
(A6.5-5) 
and 
D2 6n. 2b d'D 
4+ (2 D (2b d+ 2b c) D3+ (2D(2bc)+D 
2 (2 bd') -e 
-yij 
)D2 
IjL 
(D 2 (2bc)+2e-YI3 D(y ))D +e 
-Yij 
- 
[D 
(yi 
j 
). 
] 2+D2 
(Yij) 6yi 
_j 
(A6 
- 5.6) 
Substituting these in eq. (A6.5.2) gives 
24+D3 
2bd D 
[d' 
(4D(bd) + 2bc) + (q-dD(yij)) 2bd' 
I 
+ 
r- 
d' (4D(bc) + 2D 
2 (bd') -e 
-Yij) 
+ (c - d'D(yij))(2bc + 2D(bd)) 
- d'n ij - (a/b +cD 
(yij) + dD 
2 (yij)) 2bd' iD2 
r. - 2 -Yij - yij 
+'d'(2D (bc) + 2e D(yij)) + (c - dD (yij)) (2D(bc) e 
- (cn 1] 
+ d'D(n ij )) -(a/b + cD(yij) + 
d'D 
2 (yij)) 2 bc D 
+e 
-Yij I 
d'(D 
2 (y, j) -, (D(yij)) 
2)+ (c - dD(yij))D(yij) + a/b 
+ cD (y 13. 
)+ d'D 
2 (Yij) 6yi i+ 2c Dn ij - 
2cn 
Ij 
D (y 
Ij 
+ 2d'D 
2 (n 
1-3 
)- 2d'D (n ij )D 
(yij) -. 2d'n 1-3 
D2 (Yii) =0 
(A6.5.7) 
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Eqs. (A6.5-7) are a set of (r-1) linear equations in the 6yij - 
The next section gives the explicit algebraic relationships used for 
the differentials D(6yij), etc. 
A6.6 Finite Difference Representation 
Eq. (A6.5-7) can be wr'itten as 
(g 
41 3J 
D+ g3ij D3+g 2ij D2+g lij + goij 
) 6y, j +h ij 
= 
(A6.6 - 1) 
The g's and h's are known functions of i at given j. We use the finite 
difference representation of the D operators: 
D 6yij r (6y, +I, j - 
6yi_,, j)/2 (A6.6.2) 
D2 6yi ir2( 6yi+l, j , 6yi-l, j -2 6yi, j) 
(A6.6.3) 
D3 6yi j= 
(6yi+2, j -2 6yi+,, j +2 6yi_,, j - 
6yi-2, j 
)r 3 /2 
(A6.6.4) 
D4 6yij = (66yij - 46yi+,, j -4 6yi_,, j + 6yi+2, j + 
6yi-2, j)r 
4 
(A6.6-5) 
Eq. (A6.6-1) therefore b"ecomes 
43432 + 6yi-i 4r g4ii +rg 3ij +rg 2ij 'S'yi-2, j 
[r 
g4ii - 2r 83ij 
-I rglij + 6yi r4- 
2r 
2 
-4r 
4 
94ij g2ij + goij + Iyi+l, j g4ij 
I! 
-3 g3ii +r2 92ii 
+ Irg iii 
I+ 
6yi+2, j 
Lr4 
g4ii + Ir 
3g 
3ij +h ij =0 
(A6.6.6 ) 
Each of the eqs. 
(A6.6.6) thus contains the 6y appropriate to i-2, i-1, 
i, i+l and i+2. From eq. 
(A6.5.7) the coefficients in eq. (A6.6.1) are 
given by 
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g4ij 2yC, 4 (A6.6.7) 
g3ij 2yC, 32 (3+1/m) -Ci D(yij)l (A6.6.8) 
92ij 2y Ci2 (7-1/m)(i + 1/m) - 4CiD (yij) - C, 
2D2 (Yii) 
i 
[2a 
+n 
13 
+ e-y'j 
I 
(A6.6.9) 
glij 2yci(1-1/m) (1+1/m)(1+2/m) - ci (2+1/m)D(yi il- Ci 
2D2 (Yij)j 
- Ci 
1-2 /m 
a+ ci 
1-2 /m I 
e-yi 
j (3 ýiD (yij ) 
(1-1/m)n D (n ij ij 
(A6.6.10) 
goij e 
-yij 
2 Cj(D 
2 (yij)-(D(yij)) 2)+ (1-1/m)D(yij) ýj 
1-2 /m 
-4 /m " (a/y)C i (A6.6.11) 
h. -2 
(1 -1 /m) 
1-2/m [D(n 
nij D(yij 
13 
" 2C 
12 
(1-1 /m) 
D2 (n ij D 
(n 
ij 
)D (yi 
3n 1] 
D2 (Yij 
(A6.6.12) 
where y1 Ti 
2M2 
D(n etc are given by 2p 
D(nij) = r(n i+l, j -n i-13, j 
)/2 (A6.6.13) 
D2 (n ij 
)= r2 (n i+i, j , 1Ii-l, j -2n i1i 
(A6.6.14) 
and similarly for the Yij 
derivatives. The value of is 
ýi = i/r 
(A6.6.15) 
The set of eqs. 
(A6.6.6) can be written 
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a_ 2ij 6yi-22j + a_ lij 6y i-12j +a oij 
6yi, j + alij 6y i+lgj 
a 2ij 6yi+2, j +h 13 = (A6.6.16) 
where 
-2ij =Ir4 g4ij - 
jr 3 g3ij 
I 
etc. 
(A6.6.17) 
The procedure for advancing from the jth to the (j+l)th time step 
is therefore: - 
etc. 
(a) nij , yij are known, so calculate D(nij) etc, using eq. (A6.6.13) 
(b) Calculate e-y'j 
(c) Using the above results, and the values of Ci 
1-2/m 
, etc 
calculated initially, calculate the gij 's and hij. 
(d) Calculate the a Ij 
's from eq. (A6.6.17) etc. 
(e) Solve the set of (r-1) simultaneous equations for the 6yij 
(see below) 
(f) Calculate y ij+l =y ij + 6yij 
(g) Calculate 6n 
13 
from eq. (A6.5.3) 
(h) Calculate n i, j+l =n1,3 + 
6n 
13, j 
(i) Go back to step (a) and repeat with j= j+l. 
A6.7 Boundary Conditions 
As written, the (r-1) eqs. (A6.6.16) contain (r+3) variables, 
as the third and fourth derivative terms give 
6y_ 
ij and 
6y 
03 when 
i=1, 
etc. However, the boundary conditions at 
C=0 and 1 are that y does 
not change at these points, so 
6y 
oj 
= (SY rj =0 
(all j) (A6.7.1) 
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Also, from eq. (A6.4-7) with i=r, 6n 
rJ 
6y 
rj = 
0, we obtain 
6y 1 r+l, j 
12 
(1-1/M)+rl 6y 
r-l, j 
(1-1/m)-rl (A6.7.2) 
The value of 6y-,,, is more difficult. However, since Ci 
4/m is zero 
at i=O we introduce no error by assigning an arbitrary value to the 
second derivative at this point. We chose 
6y 
oj ý-- 
or 6y-i J. =- 
6yi i (A6.7.3) 
Eqs- (A6.7.1) to (A6.7.3) can be used to eliminate the terms 6y_ I and 
6Y 
0 
that appear in eq. (A6.6.16) written for i=1, and 6y r and 
6y 
r+l 
that appear in eq. (A6.6.16) when i=r-1. Eq. (A6.6.16) may be written 
in matrix notation as 
A 6y =-h 
where 
aol-a 21 a 11 a 21 00000000 
a_ 12 a02 a 12 a 22 
0000000 
A 
a_ 23 a_ 13 a 03 a 13 a 23 
0 
0 a -24 
a- 14 a 04 a 14 a 24 
0 
0 0 a-25 a_ 15 a 05 a 15 a 25 
0 0 
0 0 0 0 
0 00 
0 0 0 a- 2r-4 a_ lr-4 a Or-4 a Ir-4 a 2r-4 
0 
0 0 0 a_ 2r-3 a_ lr-3 a Or-3 a lr-3 a2 r-3 
0 0 0 a_ 2r-2 a ir-2 a Or-2 a1 r-2 
0 0 0 0 0 0 0 0 a_ 2r-I a_ Ir-1 
a Or-I 
+B a 2r-1 
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and the transposes Of6y and h are given by 
6y T= 0- L6Y 6y 2 
hThh2 
and 
I/ ýM) 
0.. *. 
6y 
r-IJ 
-*h r-11 
(A6.7.5) 
The j suffices have been omitted from the a's for clarity. 
Note that A is a (r-1) x (r-1) matrix and that all its elements other 
than those in a band five elements wide centred on the leading diagonal, 
are zero. Standard subroutines are available for efficient numerical 
solution of the matrix equation A 6y = -h, when A has a banded 
structure. 
It was found when the program to perform the above calculations 
was working, that the boundary condition n=0 at Tj =n was troublesome. 
p 
Very close to qp, at early times, n-1. The region where n changes to 
0 is very thin indeed. If yp = 100, rip = . 01, for example, then even 
with 100 mesh points and a transformation index m=8 (so that the 
density of points at qp is equivalent to taking 800 divisions of the 
untransformed variable q) it was found that n is constant throughout 
the sheath and differs from this value significantly only at the last 
two nodes before the boundary. It was also found that altering the 
boundary condition for n to n r, J=n r-l, j only changed 
the values 
of n at these last two nodes, and at the boundary itself, and changed 
them to the same value as in the sheath. The values of y and of n 
everywhere else, were unaffected, as was the calculated probe current. 
This new boundary condition was incorporated into the method. 
The matrix equation to be solved is unaffected as this does not contain 
n as an unknown. 
Step (h) of the procedure listed in section 6 is modified 
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to read 
(h) Calculate nj +1 -- n 153 
+ 6nij put n r, j+l =n r-lj+l 
The advantage of doing this is that the resolution of the 
mesh at the boundary can be considerably reduced. In practice a 50 node 
mesh with m=4 was generally found sufficient. This alteration of the 
boundary condition for n at fl =np is similar to that adopted by Su 
and Lam (1963) in their solution of the equilibrium versions of 
eqs. (A6.1.1) and (A6.1.2). They also showed that the errors introduced 
by doing so were negligible, but the advantages for calculation 
considerable. 
A6.8 Initial Solution for yii 
A method of obtaining n and y as functions of ý or n after j+l 
time intervals, provided they are known at time j, has been outlined. 
It is still necessary to determine the values at the initial time. It 
was found convenient to put T0=1. so T=0 corresponds to t' = 0. Now 
from eq. (A6.1.3) with the revised value of n at q=np above , 
n. 1 all 
(A6.8.1) 
10 
Putting this in eq. (A6.1.2) gives 
42 Yjo 
e 
-Yio (A6.8.2) 
2 
TI 
This was solved by a Runge-Kutta technique. 
A value of y r-I 
was guessed, 
and as eq. 
(A6.8.2) can be written to give yi_l explicitly in terms of yi 
and Yi+,., theiky r=yp 
and the guessed value y r-l 
can be used to 
calculate Yr-2 . 
This and Yr-l can then be used for y r-3 
and so on. 
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If the correct guess is made at y r-l 
then this procedure will give 
Yo = 0* If too high a value is chosen then there is a node for which 
yi ý' Yi+l and if too low a value, then there is a node for which 
Yi `ý 0- Thus it is possible to choose successively more accurate values 
until sufficient accuracy is attained. 
A6.9 Stability of Solutions 
A computer program TDPE01 (Edge 1970) has been written to carry 
out the steps listed above. In addition it calculates and prints out the 
non-dimensional probe current (ýn/ýn -n DyPri) = 1/a(T) evaluated at 
n ý-- TI 
p and at other points. A typical result is shown in Fig. A6.1 
(yp = 10 np= . 01) - This satisfies all the tests for a solution to be 
physically acceptable listed in Chapter 6. Moreover the steady value 
to which I/a settles down as T --3" - is in excellent agreement with that 
calculated from the equilibrium equations by Su and Lam (1963). This 
result was calculated with r= 50, m=1, and 6 t'= . 02. 
The Crank-Nicholson method is known to give stable solutions 
to the equation of heat conductivity on all occasions. However 
in this 
case it has been extended to the solution of a much more complicated pair 
of equations, and there 
is not therefore any guarantee of stability. 
In certain cases an 
instability did become apparent. Its moment of 
onset was a function of r, 
m, and 6t'. For yP> 10, r= 50, m=4,6t' 
= 0.01 was usually 
found to be the most suitable combination. The 
instability took the 
form of a catastrophic increase in current. Only 
about thirty time 
steps occurred between the first 
detection of an 
anomaly 
in the current and the point where 
the Computer was stopped by 
overflow. 
When the same boundary conditions were run with 
different 
values of r, 
m, and 6t' the overflow occurred after 
different times t' d' 
The currents 
found are shown in Fig. A6.2 and listed in Table A6.1. It 
can be seen 
that until a time slightly less than t' d the currents 
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The instability therefore does 
not affect the current, 3 calculated for values of t' which are less than 
01 
about td - 306t td was normally sufficiently large that the part 
of the range of greatest interest was included in the calculations. 
Table A6.1 Summary of Computer Runs Made for 
_yp 
= 100, 
_n t, 
= 0.01 
r m tId 
50 1.5 . 01 5.91 
50 1.0 . 01 6.11 
50 2.0 . 01 5.91 
50 4.0 . 01 10.91 
25 4.0 . 005 6.85 25 4.0 o2 5.42 
50 1.0 o2 6.22 
A6.10 Conclusions 
A modified Crank-Nicholson numerical method for solving the 
time-dependent spherical electrostatic probe equations has been described, 
and programmed for operation on a digital computer. Although an instability 
in the method sometimes prevents the solutions attaining equilibrium, 
physically useful results have been obtained. The final equilibrium values 
achieved, when the instability is not present, are in excellent agreement 
with time-independent calculations. Full details of the solutions 
obtained using the method described in this Appendix appear in Chapter 6. 
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CHAPTER 7 
EXPERIMENTAL METHODS AND APPARATUS 
7.1 Introduction and Theoretical Summary 
The previous four chapters have extended the theory of 
the continuum spherical electrostatic probe in various directions. 
in this section we summarize what departures from the ideal system 
of Su and Lam (1963) occur when a probe is placed in a real plasma, 
in the light of the previous chapters, in order to determine the 
most important effects. The remainder of the chapter then describes 
the experimental methods used to confirm the theoretical conclusions. 
Detailed experimental results and comparison with theory are 
presented in chapter 8. 
When a probe is placed in an actual plasma and the current 
measured, the system is likely to differ from the ideal model plasma 
of Su and Lam in some or all of the following respects: 
(1) Temperature gradients present 
(2) Ion production and recombination taking place 
Measurement made in a fiaite time 
(4) Relative motion of probe and plasma 
Plasma not of infinite extent 
A spherical probe must have an electrical. connexion to it, so 
is not completely isolated. 
(7) Imperfect absorbtion of ions, and secondary emission of electrons. 
in this section the influence of these effects on the probe 
current is discussed. 
7-1-1 Temperature gradients 
It has been shown in Chapter 3 that the result of a temperature 
gradient round a probe, due to the probe temperature differing from the 
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plasma temperature, is a slight reduction in probe current. The cold 
boundary layer acts as an effective resistance in the circuit. The 
reduction is sufficiently small that an approximate expression, given 
by Su and Lam, for the current, is a better approximation to the cold 
probe solution than to their own exact solution. The influence of a 
temperature gradient is therefore negligible. 
6 
7.1.2 Ion production and recombination 
It was shown in Chapter 4 that when, certain conditions on the 
size of the ion production parameter are satisfied, there is a large 
change in probe current. The ion and electron densities are perturbed 
by the probe for some distance around itself, from their equilibrium 
values. The thermal ionization and recombination rates are changed, 
and this results in an excess of ionization. The additional ions created 
move to the probe and the current to it is thereby increased. As the 
magnitude of the ionization and recombination coefficients is known only 
within rather wide limits it is not possible to give an accurate 
prediction of the absolute magnitude of the enhanced probe current. 
However, the theory predicts that the current should be proportional to 
4/5 
Vp. No observer has reported such a dependence, so it seems clear 
that the mechanism of current enhancement is not ionization. 
7.1.3 Finite time of measurement 
The Su and Lam theory assumes that the probe-plasma system has 
reached equilibrium. If it takes tet-o set up the equilibrium 
distributions of charge, potential and current, after a change in plasma 
properties or probe potential, then no experiments can expect to be 
described by the equilibrium theory if the measurements are made before 
te has elapsed. In order to evaluate te, the time-dependent probe 
equations have been solved in Chapter 6 by a modification of the 
7.1.4 
Crank-Nicholson numerical method. It was found that typically 
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t >> 10 ms. As the effective measurement time is much less than 10 ms e 
in nearly all high pressure systems the time-dependent effects cannot 
be ignored. Details of experimental observations of the probe current I 
as a function of time t are given below. 
7.1.4 Relative motion of_probe and plasma 
The comparisons between measured and predicted probe currents 
have been made in seeded flames. The flame velocity is v, so if the 
probe is held stationary with respect to the burner the relative 
probe-plasma velocity is v.. The theoretical influence of this velocity 
on the probe current is discussed in chapter 5, where it is shown that 
the current to the probe in a flowing system can be explained in terms 
of the time-dependent current which would flow to a similar probe, placed 
in a stationary plasma, after a time of the order of the time it takes 
for the plasma to flow past the probe. This gives rise to a considerable 
enhancement of current. It is also shown how a sinusoidal modulation 
of v modulates the current. Experimental observations utilising and 
confirming these theoretical results are presented below. The effect 
of the velocity cannot therefore be ignored. An alternative expression 
for the effect of the velocity has recently been published and is 
discussed in chapter 8 (Clements and Smy 196* . 
7.1.5 Finite plasma size 
The equilibrium probe theory of Su and Lam assumed that the 
probe is immersed in a plasma of infinite extent. It is found that the 
solutions of the probe equations break down into a sheath near the probe, 
when the electron density Ne-0 and the ion density NI is small, and 
almost constant, and in which the electrostatic potential is important; 
and a quasi-neutral region outside the sheath where Ne"N- The sheath 
thickness is of the order of the probe radius and the densities in the 
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quasi-neutral region approach the value at infinity as l/r. (See 
section 2.3). The effective region of disturbance around the probe is thus 
many probe radii (Fig. 7.1). In the experiments reported below, the 
flame thickness was -20 mm, and the probe diameter -2 mm, so that, with 
the probe at the centre of the flame, the density at the edge is within 
about 20% of the value when there is no probe, so that the error 
introduced is likely to be of the order of 20%. However, if the 
time-dependent results of chapter 6 are used to calculate the 
perturbation around the probe after a time of the order of the time 
taken to flow past the probe it is found that the disturbance is 
limited to a region of the order of the probe radius (Fig. 7.1). This 
is confirmed experimentally. A probe was traversed horizontally through 
the flame and the current recorded (Fig. 7.2); it may be seen that in 
the centre of the flame there is a region where the probe current is 
approximately constant, indicating that the varying distance of the 
edge of the flame is not important. The flame is therefore big enough 
to be effectively infinite. 
7.1.6 Electrical connexion to probe 
probe cannot be an isolated sphere if it is to draw current; 
there is an electrical connexion. to it which will distort the field 
around the probe to some extent. To minimise the aerodynamic 
disturbance the probe was mounted on a fine wire which protruded by a 
distance of the order of the probe diameter from the insulated arm 
on which it was mounted. The surface area of the projecting length 
of wire was kept much less than the surface area of the spherical probe, 
to ensure that the probe collected most of the current. 
7.1.7 Surface emission and absorption 
The probe current is increased if there is any emission of 
electrons from the surface. This could 
be due to thermionic or secondary 
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emission. The probe was swept slowly through the flame, which prevented 
it from getting sufficiently warm for thermionic emission to become 
apparent. Secondary emission of electrons will take place only if the 
probe is struck by particles having a kinetic energy of the order of the 
work function for the material. In a high pressure system the kinetic 
energy of the ions striking the probe is kT, which is very much less than 
the work function, so there can be no significant secondary emission. 
In a low pressure plasma it is possible for the probe current 
to be too low if an ion, on reaching the probe, is not absor'bed but 
bounces off, as it has sufficient energy to leave the sheath. An ion 
reflected from the probe in a high pressure plasma, however, merely 
returns to the sheath, where all ions have a net drift velocity towards 
the probe, so is returned to the probe surface. All ions therefore which 
arrive at the probe will be absorbed, sooner or later. 
7.1.8 Sunmary 
The above paragraphs have considered various phenomena which 
cause the real probe-plasma system to differ from the ideal theories. 
It is concluded that the important departures from these theories are 
due to neglect of the velocity of the plasma. Experimental investigations 
of this and comparison with the velocity theory of chapters 5 and 6 are 
described below. 
7.2 The Burner 
The experiments were performed in a flame of coal-gas, nitrogen 
and oxygen on a Meker-type burner. A spherical probe traversed 
horizontally at a velocity much less than the flame velocity was used for 
most probe measurements, and also a cylindrical one in certain circumstances. 
The flame temperature was measured by the sodium D-line reversal method, 
and the charged particle densiLy by microwave attenuation. The component 
parts of the system are described in detail below. 
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The flame was produced on a Meker type burner similar to that 
used by Kallend (1965) but of rectangular cross-section as shown in Fig. 7.3. 
It consists of a 12.52 mm (0-5 in. ) thick brass plate drilled with holes 
of 1 mm diameter above a chamber filled with obstacles to break up the gas 
flow from the supply pipes. Coal-gas, nitrogen and oxygen from cylinders 
were metered and brought to the burner. A separate nitrogen supply was 
taken through an atomizer in which droplets of a solution containing 
any salts it was desired to add to the flame as 'seed', were 
produced. This gas then f lowed through a flask to trap the larger 
droplets and then rejoined the main gas line (see Fig. 7.4). The 
main burner area was surrounded by a 'guard ring' of similar area 
(Fig. 7.3) with separate gas supplies. In normal operation the centre 
part of the burner, which had the seed added from the atomizer, provided 
the working flame. The unseeded guard ring provided a flame of similar 
composition to the main flame which served to insulate it from direct 
contact with the room air, and thus to reduce temperature gradients in 
the seeded region. The flow conditions adopted as standard were 
Main f lame Guard Ring 
Oxygen 51 min -1 51 min-' 
Nitrogen 12 1 min- 
1 
15 1 min- 
1 
Nitrogen 
via 31 min 
atomizer 
Coal-gas 12 1 min-1 12 1 min-1 
If no seed was added to the flame, the main nitrogen supply was increased 
to 15 1 min- and the atomizer shut off. 
The flame produced by the burner consisted of cones above the 
holes in the base plates, in which burning took place. Above this there 
was a region of gas ic the temperature measurements described below 
showed to be of virtually uniform temperature, It was found in practice 
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that there was little difference in the temperature of the bulk of the 
flame, or its homogeneity, whether the guard ring was used or not; 
neither was the probe current at the centre of the flame affected. The 
guard ring was therefore frequently not used. 
7.3 Flame Temperature Measurement 
7.3.1 The automatic syste 
Flame temperatures are frequently measured by the sodium D-line 
reversal technique (Gaydon and Wolfhard 1960, Sasaki 1966). For many 
purposes a simple manually balanced system is suitable. However, it require 
some time for an operator to achieve a balance, and there are circumstances 
where a remotely operated apparatus is desirable, and the simple system 
is then unsuitable. The system described here was initially developed 
for use on a large magnetohydrodynamic (MHD) generator where safety 
considerations dictated remoteoperation. The system operates in an 
'out-of -balance' mode which allows continuous recording of the temperature. 
In the present form of theapparatus the time resolution is limited to about 
one second, but a simple modification permits this to be improved to a 
time limited by the response of photomultipliers and electronics. 
In the automatic system, light from the source (Fig. 7-5) 
passes through a neutral density, filter and is imaged in the flame. A 
second image is formed on a field stop, behind which is mounted the 
detection system. This consists of two photomultipliers viewing the 
field stop through interference filters. One sees a spectral region 
centred on the sodium D-lines (0.5893 pm) and the other a neighbouring 
region of the spectrum. 
The neutral density filter modifies the light from the source 
so that its 
. 
brightness temperature is T 11 With no 
flame present, the 
output from the two photomultipliers 
is adjusted to be equal. Sodium 
D-line emission or absorption will affect only the photomultiplier 
viewing this region of the spectrum. With the flame present the 
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difference AI I between the signals from the two photomultipliers is 
v 
thus the difference between the intensity of the source viewed through 
the flame, integrated over the bandwidth of the interference filter, 
and of the source when no flame is present. Since it can be shown 
(Thomas 1968b) that the intensity transmitted in an interval dX with 
a background source of intensity 11 is 
I=IT (I. - 
ab )+II rb 
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(7.3.1) 
and as the intensity transmitted in a neighbouring part of the 
continuum is 119 then 
Ail = (I T-11) 
X2 
e -ab ) dX (7.3.2) 
where a is the absorption coefficient, X1-x2 the filter bandwidth, 
t(X) the transmission of the filter, b the flame thickness, and 11 
and IT are given by Wien's law: 
A, k, 
2 (7.3.3) 
5 
[- 
-ý-Tl 
c 
exp 
C2 
(7.3.4) 
5 XT 
where T is the flame temperature. A second filter5 giving a source 
brightness temperature of TV is now put in front of the source, and 
a new difference signal AI 2 recorded. Clearly 
A2 
AT Ir t(X)(I - e-'Ib )dA (7.3-5) 2T 2) 
j 
xi 
and from eqs. (7-3.2) and (7.3.5) 
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Since C 2' X, T1 and T2 are known, the ratio of-the measured quantities 
AI 1 and A 12 gives T. Eq. (7.3.5) can be solved graphically, using 
a plot of AI 1 
/AT 
2 versus T of the form shown in Fig. 7.6, or analytically. 
The filters are changed at regular intervals, e. g. once a second, 
and pairs of values AI 1 and A12 recorded. T can then be plotted as a 
function of time, with a temporal resolution equal to the filter 
changing frequency. 
The validity of eq. (7.3.2) has been checked experimentally. 
If AI, = A(I T-11) and AI 0 
corresponds to TB=0, or I, = 0, then 
(Al 
I- AI 0)=- 
AI 1= -A' e xp -C2 
/AT 
2 
so 
(7.3.7) 
In (AI 
1- 
AI 
0)= 
In A' -C2 /XT 1 (7.3.8) 
where A and A' are constants. Thus a plot of In (AI 1- Ai 0) 
versus 1/T 1 should yield a straight 
line. A typical plot of this 
form, made from readings on a small laboratory burner, is shown 
in Fig. 7.7. Good agreement with theory can be seen (AI = AI I- AI 0). 
The same readings are plotted as Al versus T in Fig. 7.8. 
The reversal point is where this curve cuts the T axis, and is 2357 K. 
It has also been found from plots of AI I 
/AI 
2 versus T, for pairs of 
values T, and T2 taken from the Al versus T curve, as shown in Table 7.1. 
It may be seen that these values are all in good agreement. The best 
accuracy is obtained when the flame temperature is not very different 
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from either T1 or T2 as the AI I 
/AI 
2 versus T curve is steepest in 
this region. 
Table 7.1 Reversal Temperature Obtained Graphically 
for Alternative Choices of T and T 2 
T1K T2 K Reversal TK 
2250 2690 2360 
0 2250 2350 
0 2690 2360 
7.3.2 Apparatus 
The experimental layout is as depicted in Fig. 7.5. For 
high flame temperatures a carbon arc has been used as the background 
source, stabilized as described elsewhere (Thomas 1968a. ). A tungsten 
strip lamp is used for temperatures below about 2700 
0 K. The system 
is calibrated by looking at the image of the source formed in the 
flame, through the neutral density filter, with an optical pyrometer. 
A correction must be applied for the difference between the D-line 
wavelength (0-5893 pm) and the pyrometer wavelength 
(0.6500 pm). 
The constant brightness source has its temperature reduced 
by a pair of neutral density filters. These are mounted on a rotary 
solenoid which switches them alternately 
into the beam, providing 
the background temperatures T1 and T 2* 
Behind the field stop the beam is split into two, and 
imaged on the cathodes of a pair of EMI 6256 photomultiplier tubes. 
Each photoMultiplier has a narrow band 
interference filter in front 
of it. These have a pass 
band -10 
X, peak transmission > 50 per cent, 
and centre wavelength 
5893 Pm. One of these is perpendicular to the 
7.3.2 
beam, and passes the sodium D-lines. 
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The other is tilted about 200 
relative to the beam, and this shifts its pass band, so that it 
looks at a spectral region close to, but rejecting the D-lines. 
The two tubes A and B thus provide the two signals, one of the 
intensity in a 10 R band including the D-lines, and the other, 
of the intensity in a neighbouring region of continuum. These are 
fed into a differential amplifier, and the output from this is the 
signal AI which goes to a chart recorder. 
The optical system is as shown in Fig. 7.5. Note the 
aperture stop between the lens L2 and the detector. Most accounts 
(e. g. Gaydon and Wolfhard 1960) place this at L 2' Rays from every 
point in the image which pass through the field stop must fill the 
aperture stop of the system. If this is not so, the detector receives 
a greater solid angle of light from the flame than from the source, 
and eq. (7.3.1) is no longer valid. If the stop is located at L2 
it is possible for the aperture to appear to be completely filled with 
light (which is the condition given by Gaydon and Wolfhard) yet to pass 
a greater solid angle from the flame than from the source. The 
correct position is at the image of L1 formed by L2 (the exit pupil) 
and a stop placed here should be completely filled with light. 
7.3.3 Systematic errors 
The. systematic errors likely to be present can be. divided into 
f ive main groups. These are: 
(1) Errors due to lack of equilibrium between sodium atoms and 
the gas - 
Exrors of this type have been considered by Greig (1965). 
It can be shown that for a flame at atmospheric pressure or 
higher 
where the electron temperature 
is not too far from the neutral 
molecule temperature, the reversal temperature 
is a good measure of 
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the gas temperature. It can, however, be seriously in error if 
the electron temperature is very high, or with low pressure f lames. 
For a given set of conditions a correction is possible. 
(2) Errors due to non-uniform flame conditions 
The effects of particles in the flame, and of its boundary 
layer, have been considered by Thomas (1968b). Most flames will 
contain no solid particles, but a correction for their effect can be 
made if they are present. Almost all flames, however, have a cool 
boundary layer, of unknown thi: ckness and from Thomas (1968b) it can 
be shown that the presence of the boundary layer modifies eq. (7.3.6) 
to 
gI T 
Ai 2 gI T 
(7.3.9) 
where g is the ratio of the integrated intensity of the D-line, 
viewed through the boundary layer, to the integrated intensity of 
the D-line, with no boundary layer present. g can be obtained by a 
measurement of the line profile. A typical value. is g-0.9, 
giving a change in T of - 40 deg. K at T- 3000 K. The error 
due to 
neglect of g is thus serious. 
(3) Errors in the optical system 
The possibility of error arising from an 
incorrectly 
positioned aperture stop has already 
been discussed. This is 
eliminated by placing the stop at the exit pupil. 
It is customary 
to derive the equations for line reversal, assuming that 
the incident 
beam is focused in the flame. 
However, if the flame has finite thickness it is impossible 
fbr the beam to be focused at all points 
in it. It can be shown that 
t1lis introduces no error. 
7.3.4 
Errors of calibration 
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The brightness temperature of the image is measured with an 
optical pyrometer. No error arises from losses in intervening lenses 
and windows if the calibration is performed looking through them. 
Correction must be made for the shift in wavelength from the pyrometer 
to the D-line wavelength, as outlined in Appendix 7.1. The neutral 
density filters are calibrated by the manufacturers in a diffuse 
beam. The densities are slightly different in a focused beam, so they 
must be calibrated. The densities are measured, in a focused beam, at 
both-5893 Pmand-6500 pm. A typical set of results is given in Table 7.2. 
Table 7.2 Calibration of Neutral Density Filters_ 
Dens i ty 
NQminal at-5893 jim at - 6500 jim 
0.24 0.237 0.246 
0.33 0.302 0.314 
o. 42 0.418 0.434 
0.52 0.490 0.505 
0.63 0.591 0.608 
Errors in the eloctronics 
it is important that the electrical circuits give a linear 
change in output for a linear change in intensity. This can 
be checked, 
by putting a filter of known density in the beam, and observing the change 
in the output. 
7.3.4 Flame tem2eratures 
The temperature of the flame was measured using the apparatus 
described above. Under the conditions of the present measurements,, the 
accuracy is better than 
0.5%. Figs. 7.9 and 7.10 show measured 
temperature distributions 
in the flame. Fig. 7.9 is a horizontal scan 
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across the short edge of the f lame I cm above the burner, when the 
g. uard ring was not in use. The slight rise in temperature at the 
edge of theflame is a consequence of its slightly fuel-rich nature; 
air diffuses inwards and allows excess fuel to burn at the edge. 
Fig. 7.10 is a vertical temperature distribution looking through the 
centre of the short edge of the flame. It can be seen that over a 
region 1 cm thick and 4 cm high the flame temperature does not 
vary by more than 10 K; probe measurements were made at the centre 
of this homogeneous region. 
7.4 The Flame 
The burner produced a slab of burnt gases with a temperature 
of 1927 ± 10 K. The microwave attenuation measurements described below 
require an estimate of the thickness of the flame. Visual examination 
of the thickness of the seeded part of the plane, when sodium chloride 
was in the atomizer (giving the centre part of the f lame an intense 
orange colour) gave a value of 1.5 ± 0.3 cm for the thickness at the 
position of the microwave horns. This is consistent with the thickness 
of the hot region found in the horizontal temperature profile (Fig. 7.9). 
The velotity of the burnt gases was measured using a method 
similar to that described by Rann (1967). Small metallic particles 
introduced into the gas stream were heated to incandescence in the 
f lame. Images of the flame were formed on two horizontal slits, 
behind which photomultipliers were mounted. The part of the flame 
focussed on the second slit was 1.35 cm above that focussed on the 
first. When a particle heated by the flame passed through the region 
imaged on the slits, pulses were observed on the outputs from the 
photomultipliers. Observation of the delay between the pulses gave the 
flame velocity as 2.9 ± 0.1 ms- 
7.5 
7.5 Microwave Measurements of Ion Density 
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In order to check the probe results it is essential to have an 
independent measurement of ion density. The microwave attenuation 
method has frequently been used in flames (Shuler and Weber 1954, 
Schneider and Hofman 1959). The incoming electromagnetic wave interacts 
with the free electrons in the plasma, and transfers energy to them,, 
becoming attenuated in the process. The attenuation is proportional 
to the electron density. In the flame used in this work, a plasma of 
uniform temperature away from the reaction zone was being studied, so that 
it is reasonable to assume that thermal equilibrium prevailed. A 
measurement of electron density therefore also gives the ion density. 
Belcher and Sugden (1950) have studied the attenuation of 
microwaves by a coal-gas-air flame on a Meker burner, at a number of 
different microwave frequencies. They show that for 3 cm radiation 
in their flame, which had a temperature of 2200 K, the electron density 
-I 
is related to the attenuation constant ý (the attenuation in dB m 
by 
2.6 x 105ý (7.5.1) 
Tile constant depends on the electron collision frequency; 
however it 
can be shown that the change 
in its value due to the difference in 
temperature between Belcher and Sugden's 
flame, and the author's is 
Eq. (7.5-1) was used throughout this work to 
interpret the 
microwave results into 
ion density values. 
The 3 cm microwave apparatus used 
is shown schematically in 
rýig. 7-11a. The system operated 
in the mode modulated at 2 kHz 
to improve the stability. 
The frequency was measi-ired using a 
standing wave meter. 
This gave the wavelength in the guide as 
38.75 1 03 mm. Using the relationship 
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(7-5.2) 
where Xo is the free space wavelength for radiation of the same 
frequency (A 
0= c/f, f 
is frequency) and X is the cut-off wavelength 
for the waveguide, the tables of Booth (1959) give f= 10.14 ± . 01 GHz. 
Belcher and Sugden used a frequency of 10-04 GHz but this difference 
changes the constant in eq. (7.5.1) by less than I%. As the thickness 
of the flame is only defined to ± 20% this is a negligible error. 
To make a measurement of attenuation the meter recording the 
output of the crystal detector at A was set, by altering the 
calibrated attenuator B, to read 9.00 IjA. The attenuator setting was 
then changed and a graph plotted of the change in attenuation from 
the value required to give a9 pA crystal current, against change 
in current AI ý(Fig. 7.12). In this way the meter was calibrated so 
that a change in current reading from 9 PA can be directly converted 
using Fig. 7.12, to an attenuation change. The f lame was lit, and 
the change of the crystal current when the seeding was turned on and 
off, in conjunction with Fig. 7.12, gave the attenuation A in dB 
produced by the seed. If the flame thickness is b 
ý= A/b (7.5.3) 
The electron and ion densities are then given by eq. (7.5.1). N0 
is accurate to ± 20%, the chief source of error being the uncertainty 
in the flame thickness. 
To check that the change in power reading A was due to 
absorbtion by the conducting flame, and not reflection, 
the system 
shown in Fig. 7.11b was used. The attenuator 
B was set to 3 dB and 
the change in power at A and C measured when the seeding was 
0.6 
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7.6 
introduced into the flame. 
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It was found that the change in 
power at C was less than 2% the change in power at A, indicating 
that more than 98% of the power lost at A when the seed was 
introduced had indeed been absorbed. 
7.6 The Probe 
Most measurements were made with a spherical probe 
obtained by melting copper wire to obtain a spherical end mounted 
on a movable arm which could be swuNin and out of the flame 
(Fig. 7.13). The probe was never left in the flame long enough to 
get sufficiently hot for the insulation to become conducting. 
The probe diameter was 2.25 mm, the wire diameter 0.31 mm, and 
the projecting length of wire 2.5 mm. The projecting length of 
wire therefore has less than 20% of the surface area of the probe, 
which is thus the chief current collector. 
The circuit used for steady state current measurements is 
shown in Fig. 7.14. The current flowing to the probe is measured 
with an oscilloscope by recording the voltage over the resistance R. 
This voltage is of course kept very small compared to the probe 
voltage, 
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APPENDIX 7.1 
If the intensity of the image of the source formed in the 
f lame is IB, in the absence of a filter, then its brightness temperature 
at wavelength X is defined by 
I 
C2 ] 
AT 
B 
(A7.1.1) 
The density D of a filter reduces IB to I, * D is defined by 
D= log IB /T 
I 
(A7.1.2) 
and the new brightness temperature T1 is obtained from 
C2 
(A7.1.3) 
5 XT 1 
If the source emissivity is c at X, the true temperature T of the 
source is given by 
xp 
21 
exp 
2 (A7.1.4) 
XT XT x5B 
From eqs. (A7.1-1) to (A7.1.4) 
cc 
c2Dc12! 
L 10 (A 7 . 1-5) 5 -xp X)5TL xT1 
which relates the observed brightness temperature at 
X to the true 
temperature T. if eq. (A7.1.5) refers to the pyrometer wavelength 
(usually . 6500 i-im) and if primed quantities refer to the 
j)-line 
wavelength of -5893 Pm, then 
A7.1 150 
cc2D cl c2 
X, 5 
xp 
(9)= 
10 
X, 5 
"P X'T' 1) 
(A7.1.6) 
T 
Eliminating T from eqs. (A7.1.5) and (A7.1.6) we obtain 
10 
D' 
10 
D 
ln 1 ln 
(A7.1.7) 
c2Ec2E 
For a given filter D and D' are known. If the background source 
is a carbon arc, this is equivalent (Hattenburg 1967) to a 
black body at 3792 K and c and c' are both unity. If the source 
is a tungsten strip lamp c and c' may be obtained from the data 
of de Vos (1954) and of Larrabee (1959). Eq. (A7.1.7) is then used 
to correct the value of TI observed with the pyrometer to the 
new value T'l, which applies at the D-line wavelength. 
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CHAPTER 8 
EXPERIMENTAL MEASUREMENTS 
8.1 Introduction 
In this chapter the experiments performed with the 
apparatus described in chapter 7 are reported. These fall into 
three groups: steady state measurements, which essentially confirm 
the anomalous probe currents observed by Soundy and Williams (1965); 
measurements made with a mechanically oscillating probe to obtain 
direct observation of the influence of probe velocity on the current; 
and transient probe current measurements where the current is 
observed as a function of time after the application of potential 
to the probe. The following three sections deal with these three 
groups of experiments. 
8.2 Steady State Probe Current Measurements 
8.2.1 Experimental results 
The spherical probe described in section 7.6 was placed in 
the flame with a fixed potential Vp on it and the current recorded. 
The ion density of the flame was measured with the microwave apparatus. 
Fig. 8.1 shows the experimental currents with Vp=- 120 V, - 48 V, - 12 Vq, 
plotted against ion density. The graph can thus be regarded as an 
empirical calibration of the probe current in terms of ion density. 
Soundy and Williams (1965) and Cox and Curtis (1968) have both calibrated 
a probe in a flame by comparing the current with an independent 
measurement of ion density. Cox and Curtis found the current IN0.69 0 
0.75 
whilst Soundy and Willians found I-N0 This latter relationship 
is predicted for a spherical probe in a stationary plasma by Su and Lam 
(1963). The solid lines drawn through the points in Fig. 8.1 have a slope 
of 0.75, and it is seen that 1_ ,N00.75 
is a good approximation to the 
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Soundy and Williams (1965) show that it is a consequence 
of Su and Lam's theory that if the current flowing to the probe from 
a plasma of ion density N0, where the ion is Cs+ (e. g. from Cs Cl 
seeding in the atomizer) is I CS then the probe current for the same 
ion density, but with another species ionized, is 
I 
+mg /M 
2 
+m /M 
sl 
Cs (8.2.1) 
where M is the molecular weight of neutral flame molecules, Mi the 
molecular weight of the ion, and M CS the molecular weight of the Cs+ 
ion. Fig. 8.2 is similar to Fig. 8.1 but shows results obtained 
with salts of potassium as the seed material. The solid lines drawn 
are the lines of best fit for Cs with slope 0.75 from Fig. 8.1. It 
may be seen that, as predicted by eq. (8.2.1) the experimental 
currents are consistently higher than for Cs Cl seeding. The dashed 
lines in Fig. 8.2 represent the experimental Cs+ currents multiplied 
by the correction factor from eq. (8.2.1); it may be seen that the 
predicted magnitude of this factor is not inconsistent with the 
experimental results. 
Fig. 8.2 also shows the effect of varying the negative ion 
in the seed solution. It is not expected that this would have any 
affect as the radicals are probably disssociated in the flame; the 
experiments show that there is indeed no dependence of current on 
the particular salt from which a positive ion is obtained. 
Fig. 8.3. shows results similar to those of Fig. 8.2. 
for Na + and Li+ ions. Again the results are consistent with the 
correction factor for ions other than Cs+ eq (8.2.1. ) as shown by 
the dashed lines. 
Salter and Travers (1965) found that the current-voltage 
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characteristics of a spherical probe in a flame could be described by 
a square law relation I-Vp1. Su and Lam's theory predicts a 
similar variation. Fig. 8.4 shows specimen current voltage curves 
measured in the flame described above. It can be seen that IVq p 
where q is a constant for any given curve (each curve is obtained 
at a different ion density) but q is not 0.5. It steadily increases 
as the ion density rises, and values were found in the range 0.60 
to o. 69. 
The electron temperature was measured using a floating 
cylindrical double probe (Cozens and Von Engel 1965, Bradley and 
Matthews 1967a). A typical experimental curve is shown in Fig. 8.5 
The electron temperature was found by the intercept method to be 
2040 K. Bradley and Matthews show that in general this cannot be 
guaranteed to be accurate to better than 10%. The measured line 
reversal flame temperature T is 1930 K, which is within 10% of the 
double probe electron temperature Te. Te will therefore be taken to 
have the same value as*T in calculations below. 
8.2.2 Discussion 
Both Soundy and Williams (1965) and Cox and Curtis (1968) 
have made comparisons between their observed currents and those predicted 
by the idealized theory of Su and Lam (1963). Soundy and Williams 
-4 2 
estimated the mobility pi of Cs+ ions in the flame to be Ix 10 m V- 
With this value they found that their observed current exceeded the Su 
and Lam predicted current by a factor of 115. Cox and Curtis also adopted 
this value for Pi and found the discrepancy to be a factor of 292. The 
discrepancy in the present work, for the results at -48 V in Fig. 8.1 
ranges between factors of 93 and 126. The discrepancy decreases with 
increasing ion density. (The values of Soundy and Williams, and Cox 
and Curtis, were compared with the approximate expression of Su and Lam, 
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eq. (2-3.24). The comparison of the present experiments is with the more 
exact expression of Su and Lam, eq. (2.3.22). ) 
The above results clearly show that the idealized equilibrium 
spherical probe theory is not applicable to measurements in flames. 
However the discrepancy factor discussed above is larger than it should 
be because of the value of 
71.10- 
4 
m2 V- 
I 
s- 
1 
used for ii i* There do not 
seem to be any measurements of mobilities or ion densities of alkali 
metals in flames available, but this value is almost certainly too low. 
Williams is now reported (Clements and Smy 19,69a) to believe that it is 
substantially less than the true value; Clements and Smy adopt a value 
of-pi =2x 10-_ 
3m2 
V- 
I 
s- 
I but do not justify this. However it is 
possible to make a reasonable estimate from kinetic theory considerations. 
The four molecules CO 2' CO, N 2' and 0 2' have 
"hard-sphere" diameters, a, 
deduced from measurements of viscosity, thermal conductivity, and 
diffusion, which vary between 2.94 x 10-10 m and 4.54 x 10- 
10 
m (Kaye 
and Laby 1959). The mean of all the values is 4.0 x 10-10 m, The 
expression 
D= Xv/3 (8.2.2) 
where D is the diffusion coefficient, X the mean free path, and v- the 
mean molecular velocity, in conjunction with 
A= 1/(n'7Ta (8.2.3) 
where n' is the number of molecules per unit volume, gives 
D ! 1-- 2.04 x 
-4 2 -1 10 ms This is an estimate of the diffusion coefficient of a typical 
flame gas molecule in the flame. The valuefor Cs+ 
ions, using the 
correction factor from eq. (8.2.1) 
in the flame gas, is therefore 
-4 2 -1. DI=1.60xlO ms Using the Einstein relation, 
JW 
pi =DI /kT (7) 
8.3 
gives pi 9.65 x 10-4 m2 V- 
I 
s- 
1. 
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This value is used for mobility 
in all calculations below. Note that it is almost ten times as large 
as that used by Soundy and Williams, but half that of Clements and 
Smy. Using this value for mobility the measured probe currents 
at - 48 V exceed the idealized theoretical currents by factors ranging 
from 9.0 to 12.2. The theory is therefore still inadequate after a more 
realistic value of ion mobility is used. 
8.3 Direct Observation of Dependence of Probe Current -on Velocity 
It has been stated in section 7.1 that the most relevant factor 
omitted from the idealized theory and causing the discrepancy between 
theory and experiment, is the effect of the relative velocity of probe 
and plasma. Clements and Smy (1969a) have recently performed experiments 
where a probe was moved through a flame at differing velocities and found 
that the current varied. The author found a similar effect, but the 
disturbance of the flame by the motion of the probe and its support gave 
a very large scatter in the results. 
To overcome this a cylindrical probe was placed in the CsCl 
flame and mechanically vibrated. The direction of motion was parallel 
to the flame velocity. The theory of the current flow to the vibratin, & 
probe has been discussed in chapter 5 where it was shown that a 
sinusoidal probe velocity, having a maximum greater than the flame 
velocity, should give a current modulation with one maximum, and two 
I 
assymetric minima, in each cycle of mechanical vibration. 
The probe consisted of a steel wire 1.07 mm diameter. It was 
I 
attached to an electromagnetic vibrator, driven from a variable frequency 
oscillator through an audio amplifier. The length of wire projecting 
from the vibrator arm could be varied, which altered the resonant 
frequencies of the wire. Tip peak-to-peak amplitudes of up to 20 mm 
could be attained at the resonances. 
8.3 
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Fig. 8.6 shows the current to the probe when the frequency 
was 209 Hz, the peak-to-peak amplitude 10 mm, and the voltage -24 V. 
It also shows the steady state current I 
ss 
to the same probe when the 
vibrator was switched off. The maximum probe velocity was 6.56 ms 
and the flame velocity 2.9 m s- 
1. 
The oscillating current has the 
general form of the theoretical curve shown in Fig. 5.4, with one maximum 
and two minima per cycle. The currents at these points are I max$ 
Imin I, 
and I min 2* 
Table 8.1 compares the ratios of these to Iss, and 
I 
min 1 
/1 
min 2' with 
the theoretical ratios obtained by the method of 
section 5.4. The time-dependent probe current, required for the theoretical 
calculations, was assumed to have the form I(t) =10 t-P where p and 10 
are constants In the following section it is shown that p=0.6 is a good 
approximation for the cylindrical probe used. 
Table 8.1 
Experiment Theory 
1.72 2.03 
max ss 
/I o. 62 0.51 
, min I ss 
/1 0.48 0.42 
min 2 ss 
/I 1.30 1.23 
min 2 min I 
The agreement between experiment and theory is quite satisfactory 
as the theory is not expected to hold exactly. Neglect of the sheath 
in the theory tends to give higher peaks and lower valleys in the curve 
than inclusion of sheath, effects would, and this is the direction in which 
the experiments and theory diverge. 
The experiment was repeated with a positive voltage on the 
probe., so that it was 
. 
collecting electrons. No modulation of the current, 
on the most sensitive a. c. range of the oscilloscope, was 
detected. This 
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indicates that the electrons take up a distribution in equilibrium 
with the field in a time very short compared with the time for one 
cycle of vibration. This is to be expected because of the high mobility 
of electrons, and shows that the assumption that the electrons always have 
a Boltzmann distribution, made in the time-dependent theory (chapter 6) 
is justified. 
The above experiment, with a negative ion collecting probe, 
shows that a modulation of the relative velocity between probe and plasma 
gives rise to a modulation of probe current. It thus directly demonstrates 
that the current is a function of the probe velocity, and hence that the 
Su and Lam (1963) theory, with its assumption of a stationary probe, is 
inapplicable to af lame. 
8.4 Transient Probe Current Measurements 
8.4.1 Cylindrical probes 
It has previously been shown (section 5.3) that if a sudden large 
negative voltage is applied to a probe in a flowing system, then the 
transient current It to the probe is the same initially as the time- 
dependent current I(t) that would flow to the probe were there no relative 
motion between it and the plasma. However, after longer times It has a 
larger value than I(t) and after times greater than a critical time t C9 
has a constant value I ss - 
The early variation is caused by the growth of 
the sheath around the probe. The final constant value occurs when a steady 
state distribution of ions and electrons is set up; tc 
is of the order of 
the time taken for the plasma to flow past the probe. No changes in the 
distribution can take place after this time, as the plasma then near the 
probe was not there at the instant switching occurred, and cannot therefore 
f remember' the change in probe voltage. 
An experiment to measure the transient current It has been 
performed with both cylindrical and spherical probes. The circuit used 
is shown in Fig. 8.7. The switch is closed at t=0, and It recorded. 
mercury wetted 
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Figs. 8.8 and 8.9 show It for cylindrical probes, with different probe 
voltages and ion densities. The probe diameter was 1.07 mm. 
It can be seen that, at early times, a linear relationship 
is obtained for log It as a function of log t, i. e. It has the form 
It=It (8.4.2) 
The theoretical work in chapter 5 shows that if I(t) also has the 
form of eq. (8.4.2), then (eq. (5.2.3) and (5.3.4)) 
it (t) I+ (t/t 
c )p M- P) (t <tc 
(8.4.3) 
it Iss = I(t CMI - P) 
(t >t 
C) 
It is assumed that I(t) has this form over the entire experimental range. 
The values of 10 and p are obtained from the first few experimental points, 
for which eq. (8.4.3) shows, with t << tc, that It ! -- I (t) .tc is 
deduced from these values and the equation for I. The values of t and ss c 
are given in Table 8.2. 
Table 8.2 
Voltage Ion -3 Density, m p t Cý ms 
-120 3.7 x 10; 
716 0.61 . 80 
-72 3.7 x 10 
16 0.55 0.80 
-48 3.7 x 10 
16 0.55 0.78 
2 -A-4 3.7 x 
16 10 0.53 0.56 
-90 5.2 x 10 
16 0.56 0.60 
-90 2.9 x 10 
16 0.57 0.85 
-90 1.9 x 10 
16 o. 56 1.30 
-90 0.4 x 10 
16 0.60 1.90 
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Eq. (8.4.3) is then used to calculate It over the entire range. The 
solid 'lines in Figs. 8.8 and 8.9 are plots of these calculations. It may 
be seen that a good fit is obtained. 
The above results show that the theoretical discussion of the 
transient current after the application of a large voltage to the probe, 
given in chapter 5, is valid. It was stated there that tc would have 
the value 2r 
p/V, 
that is, the time taken for the flame to flow 
completely past the probe. It can be seen from Table 8.2 that tc is 
not constant, and is always greater than 2r /v which is 0.27 ms. 
p 
However, the sheath surrounding the probe rather than the probe itself 
may be regarded as the effective current collecting area; this sheath 
has a size that increases with potential and decreases with ion density. 
If the sheath diameter is a, then t= v/a. The exact value is a is not 
known, but clearly tc varies in the correct manner with Vp and N0- 
These results show that the steady-state probe current can, as 
a result of the flame velocity, be explained in terms of the time--dependent 
current I(t) which would flow to the probe, after the sudden application 
of potential, even if no flow was present. No calculations of 
I(t) are 
available in the cylindrical case, but the observed transient currents 
It give a direct observation of I(t) when t << tc- 
8.4.2 Spherical probes 
The cylindrical probe experiments were performed with a probe 
several centimetres long. The current collecting area, and 
hence the 
current, was therefore much higher than with a spherical probe. 
The 
transient currents which flow in the circuit after the switch 
is closed, 
arising from stray capacitances, are therefore more 
important with a 
spherical probe, and restrict the range over which 
useful time-dependent 
measurements may be made. 
To ensure that measurements were only made 
after the circuit transients 
had decayed, the flame was replaced by a 
large resistance chosen so that the steady-state current 
flowing to it 
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is the same as the steady state probe current flowing through the flame. 
Fig. 8.10 shows oscillograms of the transient current through the flame, 
and through a resistor. The final steady state current was 1.4 ýA 
in both cases. Measurements of probe current were only plotted after times 
at which the transient current to the resistor had fallen to a value 
much less than the transient probe current. 
Figs. 8.11 and 8.12 show the transient current to a spherical 
probe, of radius 1.12 mm, at differing voltages and ion densities. In 
each case a straight line was drawn through the first four points to give 
the slope p; tc was then determined as in section 8.4.1, and the solid lines 
in the figures are calculated using eqs. (8.4.2) and (8.4.3. ), in the same 
way as in the cylindrical case. 
f ound . 
Table 8.3 
Table 8.3 gives the values of p and tc 
Voltage Ion Density, m-3 p tc, ms 
16 
-96.0 7.5 x 10 0.63 0.74 
16 
-60.5 7.5 x 10 0.61 o. 68 
16 
-40.2 7.5 x 10 0.62 0.62 
16 
-24.0 7.5 x 10 0.61 0.62 
16 
-15.0 7.5 x 10 0.57 0.37 
-96.0 7.5 x 
16 
10 0.67 0.97 
-96.0 4.2 x 10 
16 0.73 1.35 
-96.0 2.9 x 10 
16 0.68 1.65 
It can be seen that the value of tC deduced from th-ese measurements 
increases with voltage and decreaseswith ion density, 
in the same general 
way in which it did in the cylindrical case. 
Again, this is due to the 
variation of sheath size with V and N p0 
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In the next section these measurements are compared with the 
calculated time-dependent currents I(t) of chapter 6. 
8.5 Comparison of Theory and Experiment 
8.5.1 Transient currents 
The results of the previous section showed that the calculations 
in chapter 5 which gave the transient current It of the probe in a 
flowing system, in terms of the time-dependent currents I (t) which would 
e 
flow to the probO, if there were no relative motion between it and the 
plasma, give a rejonable picture of the transient behaviour. In 
particular, it was found experimentally for both cylindrical and spherical 
probes at early times, where It closely approximates I(t), that I(t) ! -- 10 t-P. 
Calculated values Vf I(t) for spherical probes are available from chapter 6 
.j 
and it is clearly desirable to compare these with the experiments. 
The variable voltage measurements of Fig. 8.11 and Table 8.3 
have n=0.010. The normalized potential y ranges from 90 to 578. The pp 
slope of the log I- log t graphs ranged from p=0.57 to 0.63 over the 
range of potential. Reference to the curves of normalized current against 
normalized time for np = 0.01 (Fig. 6.8) shows that the slope p 
is almost 
constant over two decades of time. I(t) thus has the same general 
form 
in both theory and experiment. The constancy of the theoretical values 
over a long time justifies the extrapolation of the experimental values 
of I(t) to longer times, used to calculate I t' 
Moreover, if yp varies 
from 100 to 500 the theoretical values of p change smoothly from 0.59 to 
0.66. They are thus ver y slightly larger than the experimental values, 
but vary in the same way with voltage. 
To compare the magnitudes of the theoretical and experimental 
currents, the observed I(t) suitably normalized at 
t= 10 os are plotted 
in Fig. 8.13, together with the theoretical values, as a 
function of 
voltage. it may be seen that the experimental currents 
are approximately 
1.7 times greater than the theoretical. However, 
it must be remembered 
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is 
that the ion density is only known to an accuracy of 20%, and that there 
is much greater uncertainty in the correct value for the mobility ýji. 
If Clement and Smy's (1969a) value for iii is taken, for example, the 
discrepancy is reduced to a factor of 1.3. Because of the uncertainties 
in Pi any agreement in experimental and theoretical values better than 
a factor of 2 must be regarded as satisfactory. 
8.5.2 
_Steady 
state currents 
The theoretical work of chapter 5 in which the steady state 
current I ss 
to the probe from the flowing plasma was calculated from the 
time-dependent I(t) assumed that the time tc was the time taken for the 
plasma to flow past the probe. This is a constant which does not depend 
on either the plasma density or probe potential. However it was found 
in the previous section. that tc was a function of both these parameters. 
The reason is that the effective charge collecting region may be regarded 
as the sheath edge. The sheath size at tc can be shown from the time- 
dependent calculations to be very close to its equilibrium value. The 
theory of Su and Lam is therefore used to calculate it. tc is then taken 
to be proportional to the sheath radius rs. Note however that the time 
taken for any particular element of plasma to cross the region insi e the 
sheath depends on the distance of the path of the element from the probe; 
the earlier work negle. cted this geometrical effect. it 
is empirically 
accounted for here by letting 
cr /v 
cs 
and choosing the value of the constant of proportionality C which gives 
the best agreement with the measured values of tc. It 
is found that this 
is 1/3. Table 8.4 compares the measured values with the prediction of 
eq. (8.5.1), with c= 1/3. The agreement 
is reasonable for the varying 
voltages results, but less satisfactory for the varying 
density ones. 
17 
Table 8.4 Comparison of Expermental and Calculated t 
C- 
v 
p T No 0 r /r sp t (caic) c 
ms 
c 
(exp) 
ms 
-96. o 7.5 x 10 
16 
2.97 0.766 0.74 
-60.5 7.5 x 10 
16 
2.50 0.646 0.68 
-40.2 7.5 x 10 
16 
2.21 0.568 0.62 
-24.0 7.5 x 10 
16 
1.91 0.494 o. 62 
-15.0 7.5 x 10 
16 
1.67 0.432 0.37 
-96.0 7.5 x 10 
16 
2.97 0.786 0.97 
-96.0 4.2 x 10 
16 
3.31 0.855 1.35 
-96.0 2.9 x 10 
16 
3.57 0.923 1.65 
However these were the results most susceptible to errors due to 
circuit transient currents - The data for them does not commence as early 
as is desirable (see Fig. 8.12), and it is probable that this leads to 
errors in estimation of t 
Using eq. (8.5.1), the prediction of eq. (8.4.3) for I SSID 
taking account of sheath effects, becomes 
Iss=I ((1/3)r 
S/v)/(l - 
(8.5.2) 
It is found in practice that the predictions of eq. (8-5.2) are within 
about 20% of those in eq. (8.4.3), but in improved agreement with 
experiment. rs is calculated from the steady-state theory of Su and Lam 
(1963) and p is the average slope of the log I(t) vs log t graph, 
over two decades of time endingat t, taken from the calculations of c 
I(t) presented in chapter 6. 
Fig. 8.14 is a comparison of measured and calculated steady 
state currents - The solid lines are 
interpolations from the experimental 
results with CsCI in Figs. 8.1 and 8.4, for yp = 500,200 and 100, as a 
w 
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function of transformed density np. The dashed lines are calculated 
results using eq. (8.5.2). The greatest discrepancy 
is an experimental 
current which exceeds the calculations by a factor of 1.48. 
This is to be 
compared with the factor of more than 100 reported by Soundy and Williams 
(1965) for the ratio of experimental to theoretical probe currents in a 
seeded flame. 
8.5.3 Comparison with Other Theories 
To compare the various theories for the steady state current,, 
consider the case where N 7.5 x 1016 m-3 and V -96 V. This 0P 
corresponds to qp = 0.01, yp= 578. pi is taken as 9.65 x 10- 
4m2 
V- 
I 
s- 
I 
in every case. The experimental current when normalized has the value 
55 1/(an 
p 
7.95 x 10 Eq. (8-5.2) gives 1/(an 
p 
6.2 x 10 The 
equilibrium theory (Su and Lam 1963) gives 1/(aTI 
p=5.95 x 
10 
4. 
Clements 
and Smy (1969a) have given an expression for the current. They assume 
that flow is unimportant in the sheath., but that the total charge 
arriving at the sheath edge is N0 Aev where A is the cross-sectional area 
of the sheath. By neglecting the non-spherical nature of the sheath, 
and the assymetrical distribution of charge at its boundary, they derive 
the e,, pression 
(V r)o. 
8 (N v) 
o. 6 (6F- ji-e 
I, 5)0.4 
pp001- (8-5-3) 
ss I-1.28r 
p 
(N 
0 ev/I ss 
) 0.5 
This is a transcendental expression which can be solved for particular 
values of I. For the above example the normalized current is found ss 
5 
to be 1/(anp) = 2.49 x 10 
The ratio of the experimental result to each of the above 
theoretical expressions is: 
i 
8.5.3 
This thesis: 1.28 
Smy and Clements: 3.20 
Su and Lam: 13.4 
178 
It can be seen that the agreement with the present theory is far 
superior to that with Su and Lam, and considerably better than the 
expression of Clements and Smy. 
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It can be seen that the agreement with the present theory is far 
superior to that with Su and Lam, and considerably better than the 
expression of Clements and Smy. 
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CHAPTER 9 
CONCLUSIONS 
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The object of this thesis has been to attempt to improve 
the understanding of the operation of the electrostatic probe as an 
instrument for measuring ion density at high pressures. The gap 
between theoretical and experimental currents of more than two orders 
of magnitude reported by other observers has been confirmed, when 
the theory used is that of Su, and Lam (1963). Part of this discrepancy 
is due to a poor choice for the value of ionic mobility, but aýfactor 
of more than ten is a result of the simplifying assumptions made 
by Su and Lam, which make their theory inapplicable to flames. 
The most important result of the work reported in the 
previous chapters is the length of time it takes to achieve an 
equilibrium current, after a change in probe potential or plasma 
conditions. This time, which for a typical case was shown to be greater 
than 10 ms, is very much longer than most plasma processes. In the 
flame studied in this report, any particular part of it flows 
completely past the probe in about 0.8 ms, so that there 
is no time 
to achieve equilibrium. In many situations where a probe would 
be 
useful, such as in a shock tube, the plasma 
lifetime is less than 10 ms. 
The inclusion of time-dependent effects in the theory 
is therefore 
essential in almost all practical applications. 
The time-dependent calculations of I(t) 
in chapter six, in 
conjunction with the relationship 
between I (t) , velocity and steady 
state current and a semi-empirical correction 
to take account of 
sheath size, in chapter eight, provide 
calculated steady state currents 
which never exceed measured ones, 
over the range studied, 
by more than 
a factor of 
1.5.1,11is is clearly a great 
improvement ovei- tlie previous 
situation. 
d 
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The time-dependent calculations also suggest an alternative 
mode of operation for an electrostatic probe to measure ion densities - 
This is to observe the current a short time after a large negative 
voltage has been applied to the probe. When t << tc, the observed 
transient current It = I(t), for which calculations are available. 
At such early values of t, the motion of the plasma is effectively 
frozen; there is not therefore an assymetrical sheath around the 
probe (although the ion density itself may vary in the wake of the 
probe). The calculations are therefore less likely to be in error 
as a result of the assumption of spherical symmetry. The sheath 
is very thin at such early times, so the spatial resolution is of 
I 
the order of the probe size, instead of a few times greater than it, 
and the temporal resolution may be as fine as 10 iis, instead of being 
of the order of tC, approaching 1 ms. 
"Izýý 
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